THE SIGMA ORIENTATION IS AN H x MAP 

MATTHEW ANDO, MICHAEL J. HOPKINS, AND NEIL P. STRICKLAND 

Abstract. In lAHSOll the authors constructed a natural map, called the sigma orientation, from the Thorn 
spectrum Aft/ (6) to any elliptic spectrum in the sense of |Hop95| . MU{6) is an H^o ring spectrum, and 
in this paper we show that if (E, C, t) is the elliptic spectrum associated to the universal deformation of a 
supersingular elliptic curve over a perfect field of characteristic p > 0, then the sigma orientation is a map 
of iioo ring spectra. 
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1. Introduction 

In Hop95 , AHS(^ , we introduced the notion of an elliptic spectrum and showed that any elliptic spectrum 
(E, C, t) admits a canonical MU (6) orientation 

MU(6) E 

called the sigma orientation (see also HIGH . We conjectured that the spectrum TMF of "topological modular 
forms" of Hopkins and Miller admits an MO(8) orientation, such that for any elliptic spectrum (E, C, t) the 
diagram 

MO (8) ► TMF 

i I 

MU{6) E 

commutes. For more about the conjecture, see |Hop95| and the introduction to |AHS01| . 

The conjecture seems now to be within reach, although that is the subject of another paper in preparation. 
The proof depends on the following feature of the sigma orientation, which was not proved in AHS01 . Let 
Co be a supersingular elliptic curve over a perfect field k of characteristic p > 0, and let E be the even 
periodic ring spectrum associated to the universal deformation of the formal group of Co (so it is a form of 
E%), The Serre-Tate theorem endows E with the structure of an elliptic spectrum (see t |15.3fl . and so a map 
of ring spectra 

cr : MU{6) — ► E. (1.1) 
Goerss and Hopkins, building on work of Hopkins and Miller, have shown that E is an ring spectrum 
GH02 ; it is classical that MU (6) is. We need to know that the map (|1 . ip is an Hoc map; we prove that 
in this paper. (The paper of Goerss and Hopkins has not yet been published. Our result depends only on 
the existence of the Hoc structure, and so a cautious statement of the our result is that if E is an -Z^oo ring 
spectrum, then the map (|l.lfl is -ffoo- See Remark ll2.13l ') 

In Part ^ we study the general problem of showing that an orientation 

MU{2k) E 

is -ffoo, i-e. that for each n the diagram 

D n MU(2k) D " 9 » L>„E 

1 (L2) 
MU(2k) — ^— ► E 

commutes up to homotopy. Our analysis is based on |And95j . which treats the case of MU(0), the Thorn 
spectrum associated to BU (0) = Z x BU . We review that case in 21 in a form which generalizes to MU(6). 

Briefly, suppose that E is a homotopy commutative ring spectrum with the property that 7r 0( jdE = and 
7T2E contains a unit, so 7ToE CP + is the ring of functions on a formal group G = Ge over S = ttqE. If 

MU(0) E 

is an orientation, then the composition 

(CP°°) i -> MU(0) ^ E 

represents a trivialization s g of the ideal sheaf ^(O) of functions on G which vanish at the identity, that is, 
a coordinate on the formal group G. The association 

.9 ^ Sg 
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gives a bijection between MC7(0)-orientations on E and coordinates on G. 

Suppose in addition that 7roE is a complete local ring with perfect residue field of characteristic p > 0, 
and the height of the formal group G is finite. In following And95 , we show that an Hoa structure on 
E adds the following structure to the formal group G. Given a map (of complete local rings) i : S — > R, a 
finite abelian group A, and a level structure (in the sense of |Dri74j : see © 

£:A^i*G(R), (1.3) 

there is a map ip£ : S — > R, and an isogeny ft : i*G — ► ip^G with kernel A. (The behavior of this structure with 
respect to variation in A gives descent data for level structures as described in Definition 13 . II or Proposition 

una) 

If s is the coordinate on G associated to an orientation g, then the Hoo structure gives two coordinates on 
ip%G: one (tp^s) comes from pulling back along ipi; the other (Nii*s) is obtained from the invariant function 

n t « i * s ( l4 ) 

on i*G by descent along the isogeny fi (see Proposition ll(J.l4|l . In H4.3I we show that these two coordinates 
arise from the two ways of navigating the diagram 

(BA* x CP°°) V ^® L > D n MU(0) ° n9 \ L>„E 

MU(0) — E, 

where \A\ — n and V reg denotes the regular representation of A* (a key point is that (|1.4|1 is the Euler class 
of the bundle V lcg <8> L associated to the orientation g). It follows that if g is an map, then 

tpl s = N(i*s. (1-5) 

This condition is equivalent to the condition in |And95j : see Remark 14.161 
In ||Slwe modify the discussion of jJJIto handle Mt/(6)-orientations. If 

MU{6) ^ E 

is an orientation, then the composition 

((CP 00 ) 3 ) 1 ^ 1 -^) -» MU(6) ^ E 

represents a cubical structure s g on the line bundle 2^(0) fDefinition ll3.5|l : in AHSOl], we showed that the 
assignment g i— > s s is a bijection between the set of Mt/(6)-orientations of E and the set C 3 (G;Ig(0)) of 
cubical structures. 

As before, a cubical structure s on Ig(0) gives rise to two cubical structures ip^s and Ngs on tp^la(0). 
If s = s g is the cubical structure associated to an MU (6}-orientation g, then these two cubical structures 
correspond to the two ways of navigating the diagram (|1.2fl . If g is an orientation, then the cubical 
structure s must satisfy the equation 

ip* £ s = N e i*s. (1.6) 

In Proposition 16.11 we show that the necessary conditions 1)1. 5f) and (|1.6fl are sufficient if we suppose in 
addition that p is not a zero divisor in E. We have given a direct proof, but our argument amounts to 
showing that for k < 3, the character map of HKR00 for E° (D p BU (2k) +) is injective. 
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Thus we have reduced the problem of checking whether the orientation is Hoo to the problem of 

checking the equation l|1.6[) . That problem is mostly a matter of recalling the construction of the sigma 
orientation; we do that in Part 01 Here are the main points. 

Definition 1.7. An elliptic spectrum consists of 

(1) an even, periodic, homotopy commutative ring spectrum E; 

(2) an elliptic curve C over spec7roE; and 

(3) an isomorphism of formal groups 

t : G E = C 

over spec 7roE. 

The Theorem of the Cube (or Abel's Theorem, for that matter) shows that if C is an elliptic curve, then 
2c"(0) has a unique cubical structure s(C/S). If C is the elliptic curve associated to an elliptic spectrum 
(E,C,i), then 

(t 3 )*s{C/S) 

is a cubical structure on I<3 E (0); the associated M[/(6)-orientation is the sigma orientation. (The name 
comes from the fact that if C is a complex elliptic curve, then there is a simple formula for s(C/S) in terms 
of the Weierstrass cr-function, which shows that the sigma orientation for the Tate curve is the Witten genus. 
See HHSOU) 

Now suppose that (E, C, t) is an elliptic spectrum, that E is an iJoo spectrum, and that 7ToE is a complete 
local ring with perfect residue field of characteristic p > 0. Suppose that for each level structure 

A ^ i*G(R) 

we are given an isogeny of elliptic curves 

he ■■ i*C iplC 

with kernel [^(^4)], such that 

t*h t = fi 

(Such structure, with compatibility with variation in A, is called an elliptic spectrum in Definition 1 1 <j . 4fl . 
The uniqueness of the cubical structure s(C/S) implies that 

ifos{C/S) = N e i*s(C/S), 

which implies equation Thus we have the following. 

Proposition 1.8 l|ltj.5[l . If (E, C,t) is an elliptic spectrum, and p is regular in 7i"oE, then the sigma 
orientation 

MU (6) E 

is an Hoo map. □ 

The Serre-Tate Theorem together with the result of Goerss and Hopkins implies that the elliptic spectrum 
associated to the universal deformation of a supersingular elliptic curve over a perfect field of characteristic 
p is an Hqo elliptic spectrum fCorollarv llS.ltjfl . and so the Proposition implies our result. 

Corollary 1.9 <|l(j.6[l . If (E, C,t) is the elliptic spectrum associated to the universal deformation of a su- 
persingular elliptic curve over a perfect field of characteristic p > 0, then the sigma orientation 

MU{6) E 

is Hoc. 

We have analyzed Hoo ring spectra using the algebraic geometry of group schemes and in particular level 
structures, and we have analyzed orientations (i.e. Thorn isomorphisms) using the algebraic geometry of line 
bundles. Part |2 describes the relationship to topology. Section [7| discusses the relationship between level 
structures and the cohomology of abelian groups; this is a variation of HKR00 . Section [S] expresses some 
familiar results about the even-periodic cohomology of Thorn complexes in the language of line bundles. 
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The construction of the homomorphism ip£ and the isogeny fg and the proof of the sufficiency of the 
equations l|1.5[) and (|f .6(1 depend on two technical results fPropositions l9 . l51 and l9~2*^|l about level structures. 
We prove those results in Part|31 In order to make the discussion more self-contained, we also recall there 
some results about level structures, primarily from |Dri74l KM85, Str97j . 

2. Notation 

2.1. Groups. If X is an object in some category with products, and J C / is an inclusion of sets, the 
projection map X 1 — > X J will be denoted ttj, while ttj will denote the projection map X 1 — > X^ J \ The 
set J will often be indicated by the sequence of its elements. For example, 1:23 will denote projection to 
product of the 2 nd and 3 rd factors, while tti will denote projection away from the first factor. If a : I — s- 1 is 
an automorphism, the symbol n a refers to the induced automorphism of X 1 . 

If X is a commutative group object, then the symbol /ij will denote the map X J — * X obtained by 
composing 7Tj with the iterated multiplication, while fij will denote the map fij x ttj. In punctual notation, 

^23(01, a 2 , a 3 , . . . ) = a 2 a 3 

M23(ai, a 2 , a 3 , . . .) = (at, a 2 a 3 , . . . ) 

and so forth. 

If X is a commutative group in a category of objects over a base S, then the symbol : S — * X will stand 
for the identity section, and we shall generally abbreviate to 7r the symbol for the structural map 

7T0 : X — > S. 

2.2. Formal schemes and formal groups. As in AHS01 , we view affine schemes as representable functors 
from rings to sets, and define a formal scheme to be a filtered colimit of affine schemes; the value of the 
colimit is the colimit of the values 

(colimX Q )(i?) = co\imX a (R). (2.1) 

a a 

In this paper we make one important modification to the notation (|2.1() . Recall from Grp60, 0, 7.1.2] that 
a preadmissible ring is a linearly topologized ring which contains an ideal of definition: an open ideal / such 
that, for all open neighborhoods V of zero, I n C V for some n > 0. An admissible ring is preadmissible ring 
which is complete and separated. If R is an admissible ring, then the ideals of definition form a fundamental 
system of neighborhoods of 0. The formal spectrum of R is the formal scheme )Gro60l I, 10.1.2,10.6] 

spf R = f cohm spec R/ J, 

where the colimit is over the poset of ideals of definition. In fact we shall only need the case that R is a local 
ring; a local ring is admissible if it is complete and separated in its adic topology. If R is an admissible ring 
and if X is a formal scheme, then we define X(R) to be the set of natural transformations 

spf R -> X. 

Thus if R is admissible then A 1 (R) is the set of topologically nilpotent elements of R, rather than just the 
set of nilpotent elements. Similarly 

{spiR')(R) 

is the set of continuous ring homomorphisms from R' to R. 

A local scheme ( of residue characteristic p) is a scheme of the form spec R, where R is a local ring (of 
residue characteristic p) . An local formal scheme (of residue characteristic p) is a formal scheme of the form 
spf R, where R is an admissible local ring (of residue characteristic p). 

Let S be a formal scheme. A formal group scheme over S is a commutative group in the category of 
formal schemes over S. If A is a finite abelian group, then As will denote the constant formal group scheme 
over S given by A. A formal group over S is a formal group scheme which is locally isomorphic to S x A 1 
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as a pointed formal scheme over S. If R is complete local ring, then a formal group over R means a formal 
group over spf R. If G is a formal group over R and 

j:R^R' 

is a map of complete local rings, then with the pull-back diagram 

j*G > G 

spfi?' — > spfi? 
in mind, we write j*G for the resulting formal group over R' . 

We shall be primarily interested the case of a formal group G of finite height over a local formal scheme 
S whose closed point So is the spectrum of a perfect field of characteristic p > 0. Let Go be the fiber of G 
over So, i-e. the pull-back in the diagram 

G — » G 
So > S. 

By construction, (G/S, i, ids ) is a deformation of Go in the sense of Lubin and Tate (see Definition II 2 .lj l. 
This deformation is classified by a pull-back diagram 

G > G' 

I I 

S > S', 

where (G'/S', /umv> juniv) is the universal deformation of Lubin and Tate f |LT66| : see m2[) . Various facts 
about G/S then follow from facts about G'/S' by change of base. 

2.3. Ideal sheaves associated to divisors. If G is a formal group or elliptic curve over a local formal 
scheme S, then an (effective) divisor on G is a closed subscheme D of G such that the ideal sheaf 1(D) is 
invertible, and D is finite, free, and of finite presentation over S. The sheaf 1(D) is the inverse of the sheaf 
which is usually denoted 0(D). For example, if w € G(R) then l(w) is the ideal of functions on G which 
vanish at w. More generally, if W is a finite set and 

I : W -> G(i?) 

is a map of sets, then we will write 1(C) for the ideal associated to the divisor 
so 

= (g) !(*(«,)). 

■mew 

2.4. Spectra. The category of spectra over a universe U will be denoted Sjj- The category is enriched 
over the category Spaces + of pointed topological spaces, and our notation will reflect this. Thus, the object 
E>u(E,F) will refer to a pointed topological space, and for a pointed space X, E x is the function object 
(spectrum). What would in category theory denoted E ® X will in this case be denoted E A X. There are 
natural homeomorphisms of pointed spaces 

Spaces + (X, i0) - §u(EAX,F) = Su(E,F x ). (2.2) 

If V is a vector bundle over a space X, then X v will refer to the pointed space which is the Thorn 
complex of V. When V is a virtual bundle, then X v will refer to the Thorn spectrum of V, arranged so that 
the "bottom cell" is in the virtual (real) dimension of V. With this convention, the Thorn spectrum of an 
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"honest" vector bundle is the suspension spectrum of the Thorn complex, so no real problem should come 
up when regarding an actual vector bundle as a virtual. 

We write V s td for (the vector bundle over BT, n associated to) the standard complex representation of £„, 
and if A is an abelian group, then V reg will denote (the vector bundle over BA associated to) the complex 
regular representation of A. 

2.5. Even periodic ring spectra. A (homotopy commutative) ring spectrum E will be called even if 
^od^E = 0, and periodic if 7r 2 E contains a unit. A ring spectrum E will be called homogeneous if it is 
a homotopy commutative algebra spectrum over an even periodic ring spectrum. We will be particularly 
interested in homogeneous spectra E in which the ring ttqE is prcadmissiblc in some natural topology 
(possibly discrete). If E is a such a spectrum, then we write 7?oE for the separated completion of 7ToE, and 
we define 

5 E =' spf(^oE) 

for the formal scheme defined by 7ioE. 

Let E be such a spectrum, and let A be a space. If {X a } is the set of compact subsets of A and {Ip} is 
the set of ideals of definition of 7ToE, then 7ToE x + is preadmissible in the topology defined by the kernels of 
the maps 

7T E X + (7roE^°) + ) /If}, 

and we define Ae to be the formal scheme 

X E =spf^ E x +; 

this gives a covariant functor from spaces to formal schemes over Se • If F = E + then 

Sf = Ae, 

and we shall use these notations interchangeably. 

The most important example of these constructions is that E = E n is the spectrum associated to the 
universal deformation of a formal group of height n over a perfect field k of characteristic p > 0, so 

7r ESWfc[vi,... J t» n -i], 

and A is a space with the property that if* (A, Z) is concentrated in even degrees. In that case, the natural 
map of rings 

tt E x + 0(A E ) = t? E x + 
is an isomorphism, but in general all we have is a surjective map. 

If E is a homogeneous ring spectrum, then it is complex orientable, and 

G E - (CP°°) E 

is a formal group over Se. 

Part 1. Hoo orientations 

3. Algebraic geometry of even Hoc ring spectra 

3.1. Descent data for level structures. Let E be a homogeneous ring spectrum. In this section we 
investigate the additional structure which adheres to Ge = (CP°°)e/Se when E is an Hoo spectrum (see 
In order to make precise statements, it is convenient to suppose that 7ToE is a complete local ring with 
perfect residue field of characteristic p > 0, and that Ge is a formal group of finite height. In that case, we 
shall show that an Hoo structure on E determines "descent data for level structures" on Ge- In fllll we shall 
give a definition of this notion in the usual language of descent; the definition we give there is equivalent to 
the following. 
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Definition 3.1. Let G be a formal group over a formal scheme S. Descent data for level structures on 
G assign to every map of formal schemes i : T = spf R — > S, finite abelian group A, and level structure 
(Definition EH 

I : A T -> i*G, (3.2) 
a map of formal schemes ipi : T — > S and an isogeny fg : i*G — > i\)\G with kernel 

[1(A)] d ^ 53 mi 



aeA 



satisfying the following. 

(1) If j : T — > T' is a map of formal schemes and 

ft ■ A T , 

is the resulting level structure, then 



j*i*G 

ipj*t = j° i>t, 



and 

(2) If B C A, then with the notation 



fre = 3* ft 



A 



i*G 



we have 



=ij)i:T S 
ft = ft" o ft' ■ i*G 



A/B 

1- 



(3.3) 



(3.4) 



(3) If ^ is the inclusion of the trivial subgroup, then fg and f/'f are the identity maps. Among other 
things this implies that if £ and £' differ by an automorphism of A, then fi = fp>. 

We shall write (ip, f) for such descent data. Formal groups with descent data for level structures form a 
category: if G/S and G'/S' are two formal groups with descent data for level structures, then a map from 
G'/S' to G/S is a pull-back 

G' ► G 



S' 



S 



in the category of formal schemes, such that the induced isomorphism 

G' ->S' x s G 

is a group homomorphism, and such that the descent data for G pull back to the descent data for G' . 

Let C be the category whose objects are homogeneous ring spectra E with the property that 7r E is a 
complete local ring with perfect residue field of positive characteristic and Ge is a formal group of finite 
height, and whose morphisms are maps / : E — > F of ring spectra with the property that 7To/ is a map 
of local rings. Let H^C be the subcategory of C consisting of Hoo ring spectra and Hoc maps. We shall 
construct the dotted arrow in the diagram 



HooC > (formal groups with descent data) 



(3.5) 



C 

The main result is Theorem 13.251 



-> (formal groups). 



3.2. Descent data from Hoo ring spectra. The basic operation on the homotopy groups of an ring 
spectrum is the transformation 

D n : ^ E -> Tr §u(D n S°,-E) = tt E ss "+. 

This map is multiplicative in the sense that D n (fg) = D n (f)D n (g) 1 but it is not quite additive. In fact, it 
follows from Proposition IA. 51 that 

D n (f + g)= ]T Try A (/)£>,• (g), (3.6) 

i+j=n 

where Tr^ is the transfer map associated to the inclusion x T,j C E n . 

If E is a spectrum such that 7ToE is a complete local ring with perfect residue field of characteristic p > 0, 
and the formal group Ge is of finite height, then there is a slightly more convenient operation to work 
with. Suppose that A is a finite abelian group, and let A* be its group of complex characters. With these 
hypotheses, Proposition 17. 31 savs that the natural map 1)7. 2)1 

(BA*) E -> homfA G E ) (3.7) 

is an isomorphism. Define a functor Da ■ §t/ ~~ * §{/ by 

D A (X) = C{U A \U) A X (A "\ (3.8) 

A* 

where X^ A ) denotes the external smash product 

(We will also have use for the functor on pointed spaces given by the the analogue of 1)3. 8)0 . 
Definition 3.9. Given a complete local ring R and a level structure 1)9.9)1 

^4 sp f _r — * «*G, 

we define ijjf : 7ToE — > i? to be the map given by the composition 

ttqE ^ 7roSt/(£>AS°,E) = ^)E BA + -> 0((BA*) K ) ^ fl, 
where is the map classifying the homomorphism £ as in 1)7. 4J) . 
Lemma 3.10 f |And95| l. T/ie map * s a continuous ring homomorphism. 



Proof, tpf' is certainly multiplicative. It's additive because equation 1)3.6)1 and the double coset formula imply 
that i/jg(x-\-y) — tpf(x) — ipf(y) is a sum of elements in the image of the transfer map from proper subgroups 
of A*. The result therefore follows from Proposition ^. 51 

To see that i/jf is continuous, note that 

0((BA*) E ) = Q(hom(A. G E )) (3.11) 

is a local ring by Proposition ^. 81 It suffices to show that for y in the maximal ideal of 7ToE, DaV is in the 
maximal ideal of 0((BA*)-e). Since, modulo the augmentation ideal of ttqEi BA + we have 

D A y = 

it follows that ipf is continuous. □ 

Remark 3.12. It is not necessary to use an abelian group A. The initial ring R over which we may define 
a ring homomorphism 

ip : 7r E -> 7r E B(Sfc) + -> R 

as above is the quotient of noEi B ^ Sk ^+ by the ideal generated by the images of transfers from proper subgroups 
of Sfe. Strickland Str98| shows that 



spf ^7rQE B ^ k ^ I proper transfers 



is the scheme of "subgroups of order k of G_e„"- The analysis of this paper can be carried through in that 
setting. 

The operation ipe is clearly natural in the sense that given a map / : E — > F of TJqo spectra of the indicated 
kind, with the property that 7To/ is continuous, then the level structure t gives a level structure 



Aspf R' j*Gp, 



where R' and j are defined by 
and the diagram 



tt F ^ Rl = R 



i,7f E,7f / 



R' 7T F 



to/ 



R <- 



commutes. 

In the language of algebraic geometry, let 

The map tpf is a map of formal schemes 



7T E 



T = spfi?^>S E 



Vv - T -> S E , 



and the naturality is expressed in terms of the commutative diagram 



T x S F 



Sf 



-> Se- 



Making use of the isomorphism 

T Xj : 5 Ei 5 / Sf — i Sf, 
we find that the map tpf can be factored through a relative map 

, F/E .* c /E*c 
tpf' : I i>F — > V< *F 




(3.13) 
(3.14) 



(3.15) 



For example, let G = Ge, and take F = E CP + so that G = Sf- There results a map 

tpf /E :i*G^(^f)*G. 

This map turns out to be a homomorphism of groups, as one can see by considering the (-Hoo) map 

E CP|° ^ E (CP oc xCP 00 ) + 

coming from /i : CP 00 2 — > CP 00 . We shall eventually show ( Proposition 13 . 2 1|) that is an isogeny, with 

kernel € : A — > i*G. In order to give the proof, it is essential to understand the effect of the operation tpf on 
the cohomology of Thorn complexes. 
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Suppose that V is a virtual bundle over a space X, and write 

F = E x + . 

If we start with an element m £ tto^>u ((^j^jE) and follow the construction of the map iff, we wind up 
with an element if^Y ( m ) i n 

R § w §u((BA* xI)^ w ,E), (3.16) 

Xf,7r E + 

where K- e g denotes the regular representation of A* . As before, this map is additive, and in fact ^-linear: 

^Y(xm) = ipJ(x)4>Y(m). (3.17) 

Let T = spf R; then we have a commutative diagram 

i*S F hom(A, G F ) > S F 



T - > hom(A G E ) ► S E 



in which all the squares are pull-backs. In the language of §S| the element m is a section of the line bundle 
L(y) over Sf. Elements of (|3.16|l are sections of 

over i*SF- Taking into account the linearity (|3.17|l we find that the map ipY can be interpreted as a map 

$ ■ tylY HV) -> x^(K- cg ® (3.18) 

of line bundles over i*S F - 

Lemma 3.19. The map ipY has the following properties 

(1) If m is a trivialization ofh(V), then ipY ( m ) * s a trivialization of ^|L(\^. eg <g> V). 

(2) Wif/i f/ie obvious identifications 

(3) If f : Y ^ X is a map, then 

4* v = r^Y- 



The most important example is the case X = CP 00 and V = L, so Sf = G = Ge and L(L) = 2g(0) 
(18.4|) . Then l|8.11|l gives an isomorphism 

x ;L(y rcg ®L)-i,. G (f), 

and so we may think of ijjf as a map of line bundles over i*G 
or on sections a ^J-linear map 

r(2b(o)) -> r(j 4 . G (£)). (3.20) 

Proposition 3.21 ( And95 ). (1) T/ie map 
of H3.15|l is an isogeny with kernel [1(A)] . 



(2) If the isogeny ipf is used to identify 



(^ G/E )* 



I, 



as in (110.1 5|) . then the map ipg <|3.20[1 sends a coordinate x on G to the trivialization yft^j (^T)* x °f 
Ii>a(t). 

Proof. First, observe that ipf^ E is an isogeny of degree \A\. This follows from the Weierstrass Preparation 
Theorem |Lan78l pp. 129-131], because, after reducing modulo the maximal ideal in R, the ring homomor- 
phism 



(^ G/E )* : R®n E^~+ R<Sm El 
To see this, note that the composition 
^ F 2±> n a F BA l Z^!!lf^ 



sends a coordinate x to 



AM 



is the map x \ 

To prove the first part of the Proposition, it remains to show that the [i(A)] is contained in the kernel, i.e. 

G /E G /E / tp\ * 

that tp e ' I = 0, i.e. that if a; is a coordinate on Ge, then )* (ipf 1 ) x vanishes on [^(A)]. A coordinate 

on G is a generator the ideal 1(0), which the zero section identifies with L(L). The commutativity of the 
diagram 

7r E°T< — 7r E CP ^ (3.22) 



,P/E 




7T E C 



i?(g)7f E 



BA'xCP 



i?§^ E( BA * xCP 




(in which the tensor products are taken over the ring ttq'E ba +) shows that ifif^ E takes a section of 1(0) to 
a section of Ti*o(£). The claim about ijj^x also follows from inspection of the diagram (|3.22|l . □ 

In fact Proposition ^. 2l1 gives a simple description of the map ipj f° r a general virtual bundle V, and in 
particular, shows that it is determined by maps which have already been constructed. We shall express the 
answer in the language of SJHJ where line bundles of the form L(V) are computed in terms of divisors. As in 
[0 it is illuminating to work at the outset with V ® L over X x CP 00 and then pull back along the identity 
section of Gf. 

With this in mind, let F = E x + , let 

and let G = Gf = Sg- Let D = Dy be the divisor on G corresponding to V as in Proposition 18. 121 so that 
there is an isomorphism 

t v ®L :HV®L) ^liD- 1 ). 

Thus we may replace the domain of 

: (^f )* L(V ® L) -> XiHVres ® V <g> L). 

with 

(^ G )*Ip- 1 )S i (^f/ F )*(^)*7(U-i). 
Using the analogous isomorphism 18.911 



12 



to interpret the range, we may think of ipg as a map 

tf 9L ■■ (^ /F Y m*l(D-i)^lfe T ;D-^ . (3.23) 
Proposition 3.24. In the guise of l|3.23[l . the map is given by 

Proof. There are actually two assertions. One is that 

(f)>D-^ => (((i>jyf)oTpf/ F )>j2T:D-K 

The other is that this gives the map . The verification of both assertions follows the lines of the proof 

of Proposition ^. 211 Indeed, everything involved takes Whitney sums in V to tensor products, and commutes 
with base change in V. It suffices then to verify the case when X is a single point, and V has dimension 1. 
In this case, the isomorphism tj, is given by the inclusion of the zero section CP 00 — > CP°° L , and the result 
follows from naturality of the maps ip£, as in the diagram H3.22fl . □ 



The results of this section assemble to give the following. 

Theorem 3.25. Let E be a homogeneous Hoc ring spectrum. Suppose that ttqE is a local ring with perfect 
residue field of characteristic p > 0, and the formal group G = Ge is of finite height. The rule which 
associates to a level structure 

£: A spfR -+i*G (3.26) 
the map of formal schemes tpf : spf R — ► Se o,nd the isogeny 

*pf /E : ^*G -» 

is descent data for level structures on the formal group G/ Se, and gives the dotted arrow in the diagram 
ijPJl . 

Proof. Lemma l3.10l and Proposition ^ . 2 ll show that ipf 1 is a ring homomorphism and ipf^ E is an isogeny with 

kernel [^(-A)]- The compatibility of ipf and ipf^ E with variation in A as described in Definition 13. II follows 
from the commutativity of the diagrams (|A.2|1 : a proof is given in Appendix iBl □ 



4. A NECESSARY CONDITION FOR AN Mf7(0)-ORIENTATION TO BE 

Let MU(0) be the Thorn spectrum of the tautological bundle over Z x BU, and let E be a homogeneous 
ring spectrum. In i)4.2l we recall that to give a map of (homotopy commutative) ring spectra 

g : MU (0) — ► E. (4.1) 

is to give a coordinate s on G = Ge- 

In i )4.3l we give a necessary condition for the map g to be a map of Hoo spectra, in the case that E is an 
ring spectrum, that 7ToE is a complete local ring with perfect residue field of characteristic p > 0, and 
that the formal group G is of finite height. The result may described as follows. 

Let s — s g be the coordinate on G associated to the orientation l|4.1l) . In JDwe showed that the hypotheses 
on E give descent data for level structures on G. Given a level structure 19.91) 

A T i*G, (4.2) 

we get two coordinates on the formal group (tpf) G: one is just Upf) s, the other is the norm Ngi*s of the 
coordinate i*s with respect to the isogeny 

i*G ~ — ► V|G 
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as in Proposition 111). lH We show that these two coordinates correspond to the two ways of going around 
the diagram 

D A MU(0) ► D A E 

1 1 

MU(0) > E; 

the main result is Proposition 14.131 

4.1. Hoo structures on Thorn spectra of infinite loop spaces. Suppose that B — » Z x BO is a 
homotopy multiplicative map, and let M be the associated Thorn spectrum. The spectrum M has a natural 
multiplication. If W : X — > B is a vector bundle over A with a .B-structure, then the Thorn complex X w 
comes equipped with a canonical M-Thom class 

$Ar(W) : X w -> M 

Lemma 4.3. The Thorn class <&m{W) has the following properties. 

i) It is multiplicative: $ M {W®W') = $m(W)$m(W). 

ii) It is preserved under base change: given f : X — > Y , 

□ 

An infinite loop map 

B->Zx BO 

gives, for every vector bundle W : X — > B with a £>-structure, a B-structure to the vector bundle D n W over 
D n X, and so also to its restriction V leg <g) W to -BS„ x X. The Thorn spectrum spectrum M is then an iJoo 
ring spectrum, whose underlying i/oo-structure is such that if uw '■ X w — + M is the M-Thom class of the 
-B-bundle W, then the composition 

(SE n x x)^ 08 ®^ ~> D n M -» M 

is the M-Thom class of Keg ® W. 

4.2. The spectrum MU(0). A BU(0) = Z x BC/ bundle over a space A is just a virtual complex vector 
bundle W , with rank given by the locally constant function 

The tautological line bundle L over CP 00 gives rise to a natural map 

$Mt/<o)(£) :CP°° L -» MC/(0). 
If E is an even periodic ring spectrum with formal group G = Ge and 

ff : MU{0) E 

is a homotopy multiplicative map, then by Proposition 18 . 1 41 the composition 

(CP°°) L * OTW(L1 , MU(0) ^ E 

is a trivialization s g of the ideal sheaf h(L) = 1(0) over G, that is, a coordinate on G. The standard result 
about M£/(0)-orientations is 

Lemma 4.4. The assignment g i— > s g is a bijection between the set of maps of homotopy commutative ring 
spectra MU{0) — > E and coordinates on Ge- 

Proof. For ML7 = MU{2) instead of MU{0) the standard reference is |Ada74| . The minor modifications for 
MC7(0) may be found in |AriS01| . □ 
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It is customary to express Lemma 14.41 in terms of formal group laws. A formal group law is the same 
thing as a formal group together with a coordinate: the equivalence sends a formal group G over R with 
multiplication 

GxG^G, 

and coordinate s £ 0(G) to the power series 

m*s £ 0{G x G) = P|Ml- 

We shall write (G, s) for this group law. 
For example, the tautological map 

(CP°°) L -> MU(0) 

gives a coordinate Smu(o) on Gmu(o)- (Quillen's Theorem |Qui69| is that (Gmu(o)t s mu(o)) is the universal 
formal group law.) 

The commutative diagram 

spf£ E CP +°° SPfgQgLF+ > spf n MU(Of p ? 

spf 7? E Spf ► spec tt MU(0) 

gives a relative map 

g:G E = spf ?f E CP " -> (spf Tc g)*G MU{0) . 
Naturality together with the analogous diagram for 

(CP 00 x CP°°)+ -> CP£° 

shows that g is a homomorphism of formal groups over 5e- The construction of s g shows that g is an 
isomorphism of formal groups, and 

g* s MU(0) = s g- 

In particular, we have the following. 
Lemma 4.5. If 



g : MU(Q) -> E 



is a homotopy multiplicative map, then 



ir g : n o MU(0) -> tt E 

classifies the group law (Ge,s 9 ). □ 

To understand the Thorn class associated to a general virtual complex vector bundle W over a pointed 
space X, it is convenient as in |JS]to work first with the bundle W ® L over X x CP°°, and then pull back 
along the identity section. So let F = E x +, and let / : E = E s — > F be the map associated to the map 
X+ -» S°. 

The map 

(X x CP 00 ) M/ ® i -» MJ7(0) ^> E 
represents a trivialization svf of the line bundle h(W (8> L) over Gf = (spec7ro/)*GE- 

Lemma 4.6. Suppose that W is a line bundle, and let b £ G(ir F) be the corresponding point. Under the 
isomorphism l|8.7|) 

HW®L) ~T fc *X(0), 

sw is the section 

sw = T h *(7T /)*S g 

Proof. The map CP°° x CP 00 — ► CP 00 which classifies the tensor product of line bundles is responsible for 
the group structure of G. □ 
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Now take X = BA* so that S F = (BA*) E , and take W = V leg . Let 

e : Sf — > Se 

be the structural map. We have a homomorphism 

A->G F 

as in l|7.1|l and an isomorphism of line bundles over Sp 



L(F reg ®L)^(^T o *e*J(0), (4.7) 



as in H8.10fl . Lemma T4 . 61 implies the following. 
Proposition 4.8. Under the isomorphism (|4.7|) . we have 



□ 



4.3. Comparing the structures. We continue to suppose that E is a homogeneous ring spectrum, 
and that 

g : MU(0) -» E 

is a map of homotopy commutative ring spectra. Now suppose in addition that 7ToE is a complete local ring 
with perfect residue field of characteristic p > 0, and that the formal group G = Ge is of finite height. Let 
A be a finite abelian group. Proposition implies that, with our hypotheses on E, the natural map H7.2(l 

(BA*)e — * ham(A, G) 

is an isomorphism. If 

A T i*G 

is a level structure l|9.9fl with cokernel 

i*G ^ G", 

then the homomorphism I is classified by a map \t making the diagram 

T hom(A, G) 



S'e 

commute. After changing base along \e '■ T x G — > hom(A, G) x G, the isomorphism (|4.7() becomes 

X ,*L(F rcg ® L) S (g) T a *i*2T(0), (4.9) 

aeA 

and then Proposition ll0.14l gives an isomorphism 

X*MVreg ®L) S q*N q i*X G (0) = q*l G ,(0). (4.10) 
Proposition 14 . 81 and Proposition llQ. l41 have the following 
Corollary 4.11. FFii/i respect to the isomorphism l|4.10[l . we have 

Xesv lcg = q N q i s g . 

□ 
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Now suppose in addition that E is an ring spectrum. Using the isogeny (|3.21|) 
equation l|4.10[l becomes 

X *MVr CS ®L) - (^ G/E )*X (v , frG (0). (4.12) 
The two ways of going around the diagram 

(BA* x Ci 500 )^ 81 > D A MU(0) Dab ; D A B 

I I 

MU(0) — — > E 
give two different trivializations s c \ and s cc of L(V^ e g <8> ■£) over 

(BA* x CP oc ) E = hpm(A, G) x G, 

and Corollary 14. 1 II shows that 

X*tScc = XeS Vlcs = (Vf /E ) N^G,ms g . 

By definition, 

and so with respect to the isomorphism l|4.1'2|l . Proposition I3. 2 II gives 

X*£Sc\ = (^f /E ) (-0F)* S g . 

Thus we have the following 

Proposition 4.13. Let g : MU(0) —>~E be a homotopy multiplicative map, and let s = s g be corresponding 
trivialization of Tq(0). If the map g is H^, then for any level structure 

A i* i*G, 

the section s satisfies the identity 

N i> o,*i*8={$)*8, (4.14) 
in which the isogeny ipf^ h as been used make the identification 

□ 

Remark 4.15. The Proposition can be stated in terms of formal group laws along the lines of Lemma PT31 
Given an orientation g and a level structure t as in the Proposition, we get two ring homomorphisms 

a,/3 : tt MU(0) -> E, 

namely 

a : 7T MU(0) ^ 7r MC7(0) BA + tt V BA + ^ R 

and 

(3 : n o MU(0) ^ tt E R. 

The Proposition implies that a classifies the group law (("0 E )* G, Nii*s g ), while (3 classifies the group law 
((<Af)*G,(^ E )%). 

17 



Remark 4.16. The necessary condition of Proposition 14 . 1 31 was introduced in |And95| . in the case that E 
is the spectrum associated to the universal deformation of the Honda formal group of height n. In that case, 
if one has a level structure 

(Z/p) n ^ i*G E , 

one finds that 

so that equation 1)4. 14[) becomes 
or after pulling back along p, 



ip g =i 
^? /E — p : G E — > G E , 



N p i*s = i*s, 



II T a s =P* s - 



5. A NECESSARY CONDITION FOR AN MC7(2fc)-ORIENTATION TO BE 

In this section we describe the modifications to Proposition ^. 131 needed in the case that k > 1 and 

g : MU{2k) -> E 

is a homotopy multiplicative map from the Thorn spectrum of BU{2k) to E. 
Let bu denote connective i^T-theory. We recall that 

[X,BU{2k)\ = bu 2k {X). 

This makes it clear that if V is a BU (2 k) -bundle over X and W is any (virtual) vector bundle, then W ®V 
has a canonical Pf7(2fc)-structure. Also, as the map 

CP 00 -> BU = BU{2) 

classifying the reduced tautological bundle 1 — L may be viewed as an element of bu 2 (CP°°), it follows that 
the bundle 

V = (l-ii)®».®(l-i fc ) 

over (CP°°) fe has a BZ7{2fe)-structure. 

Suppose that E is an even periodic ring spectrum and let G = Ge- 
Lemma 5.1. (1) Provosition \8.l3i gives an isomorvhism 

t v : h(V) SS e k (l G (0)). 

(2) For the bundle L ® V over CP°° k+1 , Provosition \S '. gives an isomorphism 

of line bundles over Gg +1 . 

(3) In the notation of Lemma \4-'J\ the MU(2k)-Thom class of the bundle L®V over (CP°°) fc+1 is given by 

Al2* MU (2k) (V) 



§MU(2k) (L (8 V) 



^2^MU(2k)(V) 



Proof. The first part follows from the discussion of the line bundles L(V) in [|SJ For the second two parts, 
simply write 

L®V = (1- LLx) ig> (1 - L 2 ) (g> • • • ® (1 - L k ) - (1 - L) (8 (1 - L 2 ) ® ■ ■ ■ ® (1 - L k ), 
and use Lemma l4~3l □ 
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T x G k xexG "> hom(A G) x G k 



The Lemma implies that if g : MU (2k) — > E is a homotopy multiplicative map, then the composition 

(CP°° k ) v -> ME/(2fc) E 

represents a trivialization s = s g of 9 fe (2G(0)) (In fact it is easily seen to be a fc -structure on 2g(0) in the 
sense of (|13.5[) ). If E is an Hoo ring spectrum, and A is a finite abelian group, then the two ways of going 
around the diagram 

(BA* x (CP 00 ) k ) v '°s® v > DaMU (2k) — » D A E 

I 1 ("» 

MU(2k) — ► E 

give two different trivializations s c i and s cc of L(V reg (g> 1/) over spf?f E( i3A * x ( Cpo °)' c )+ = homf A G) x G fe . 
The second part of Lemma 15.11 implies that 

L(y reg (8y)^(g)f a L(F) ) (5.3) 

where T a is translation operation introduced in (|14.1() . 
If 

A T i*G 

is a level structure on G (19. 9(1 , then after changing base along the map 
and using the isogeny 

^ /B :i*G->tyf)*G 
of Proposition 13.211 we have isomorphisms 

X *MVr CS ® F) = (^ G/E )* ^ f/E z*6 fe (X G (0)) S (V G/E )* e fc (X (v , f) . G (0)); (5.4) 

from 1(5.3(1 and ((14.9(1 . The third part of Lemma 15.11 and Definition 114.71 imply that with respect to this 
isomorphism we have 

XeScc = /E ) N^a/si*s g . 

By definition, we have 

and with respect to the isomorphism 1(5.4(1 . Proposition 13 . 241 gives the equation 

Xes c i = (y G/E ) (i>f)* s g . 

The analogue of Proposition 14. 131 is 

Proposition 5.5. Let g : MU(2k) — > E be a homotopy multiplicative map, and s corresponding section of 
fe (2G(O)). If the map f is H^, then for each level structure 

A^i*G 

the section s satisfies the identity 

N^G/ E i*s = (ipf)* s, 
in which the map Tpf^ E has been used make the identification 

N^e k (ii, G (o)) s e fc (j^ f) . G (o)) 

as in (15.4(1 . □ 
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6. The necessary condition is sufficient for k < 3 



Suppose that E is an even periodic spectrum. Suppose that 7roE is a p- regular admissible local ring 
with perfect residue field of characteristic p, and the formal group G = Ge is of finite height. Suppose that 
k < 3, and let g : MU (2k) — > E be a homotopy multiplicative map. Let s — s g be the section of fc (/ G (O)) 
as in 351 

Proposition 6.1. The map g is -Hoo if and only if for each level structure 

A i» i*G, 

the section s satisfies the identity 

in which, as in Proposition the isogeny ip^ has been used make the identification 

iv^ /E e fc (^ G (o)) = e k (i^ f y G (o)). 

Proof. We must show that, for all n, the diagram 

D n MU(2k) Dn9 > L>„E 

I I 

MU(2k) — 3 —^ E 

commutes. The hypotheses on 7ToE and the algebra of the D n 's together with the Sylow structure of the 
symmetric groups reduce us immediately to checking that the diagram 

DaMU (2k) _E*£_> D A E 



MU(2k) — E 

commutes when A is a Sylow subgroup of S p IMcC86l §7]. 

Let <7ci and g cc be the two ways of navigating this diagram. Each is a generator of itqE>u (DaMU (2k) , E), 
so by the Thorn isomorphism their ratio is a generator of 

Tr Su(D A BU(2k) + ,-E). 

For k < 3, the natural map 

n Su(D A BU(2k) + ,E) ^ Ko§u((BA* x B[/(2fc))+,E) 

is injective (see e.g. |McC86l 7.3]). Let F = E BC/(2fc) +. Our hy pothese s o n E and the fact that, for k < 3, 
H*(BU{2k),Z) is concentrated in even degrees (for BU(6) see |Sin68] or |AHS01j ) imply that the natural 
maps induce isomorphisms 

7T E £* 0(S E ) 

ir F S 0(S F ) 
Tr Su((BA* x BE/(2fc))+,E) = 0(hom(A,G F )). 

By Proposition 19 . 241 it suffices to show that g c i/g C c = 1 after changing base along the two maps 

leveKA G F ) -> homfA G F ) 
S F -> hom(A, G F ) 
classifying respectively the level structure and the zero homomorphism. 
After changing base to level (A, G), g c i/<?cc becomes 

(W»)/(^f^*-)' 
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as in Proposition 15. 51 The base change Sf — * hom fA G) corresponds to the augmentation 



n F BA + -» ^ F, 



under which each g restricts to the Thom class 

BU (2k) vP $AfCJ<2fc>(VP) ) MU{2k) A E 
of V p , where V is the standard bundle over BU(2k). □ 



Part 2. Even periodic cohomology of abelian groups and Thom complexes 

7. Even cohomology of abelian groups 

Suppose that E is a homogeneous ring spectrum, with formal group G = Ge , and let A be a finite abelian 
group. Let A* be the character group A* = hom(A, C x ). An element a of A may be viewed as a character of 
A*, giving a line bundle V a over BA* and so a map (BA*)e — > (CP°°)e = G, i.e. a (B A* ^-valued "point" 
of G. As a varies we get a map of sets 

A^G((BA*) E ). (7.1) 

Since 

V a +b =V a ® V b , 

and since the group structure of G comes from the map 

CP°° x CP 00 -> CF°° 

which classifies the tensor product of line bundles, the map x is a group homomorphism, and so it is classified 
by a map of of formal schemes 

(BA*) E ^hom(A.G). (7.2) 
This map is often an isomorphism. For example, we have the 

Proposition 7.3. If ttqE is a complete local ring of residue characteristic p > 0, and if the height of the 
formal group Ge is finite, then the map \ is an isomorphism of formal schemes over 5e - 

Proof. This formulation of the E-cohomology of abelian groups appeared in jHKR00| . □ 

Suppose that x is an isomorphism, and suppose that we have a level structure 

A T i*G 

over a formal scheme T. The homomorphism £ is classified by a map \i making the diagram 

T ^U(BA*) E (7.4) 



Se 

commute. 

Proposition 7.5. If hqEi is a complete local ring, and G is of finite height, and if A'* C A* is a proper 
subgroup, then the composite map of nQ~E-modules 

n E BA " + ir E BA + ^ 0(T) 



Proof. It suffices to consider the case that 

I : A -> i*G 

is the tautological level structure over level (A, G). 

If A is not a p-group then level (A G) is empty and the result is trivial. 

Suppose that A' — and A — Z/p. Let t G 7r E CP + be a coordinate, and let F be the resulting group 
law. Then 

TT V BA + =7r Ep]/b] F (i) 

and r : 7r E SA + = 7r E — > 7r E B ' 4 is given by 

= (?>(*) 

(see e.g. |Qui71| ), where (p)(i) is the power series such that 

*<?>(*) = Wf(*)- 
The result follows from the isomorphism H9.23[l 

0(lcyel(Z/p, Gjs)) = 7r E[t]/(p>(t). 
For the general case, we may suppose that A' C A* is maximal, and so we have a pull-back diagram 



4 



BA* 



BO 



BC* 



where C C A is cyclic of order p. The commutativity of the diagram 

,E BA '+ < 7r E S0 + 



7T J 



7r E BA + * 



■ 7T E 



implies that 



OQevelfA G)) < O (level (C, G)) 



7r(r(l))=0. 



The result follows, since -kqEi BA + is a cyclic 7roE B " 4 + -module via j'*, and r is a map of 7roE Sj4 +-modules. □ 



8. Algebraic geometry of the Thom isomorphism 

Suppose that X is a space, and that V is a complex vector bundle over X. The 7ToE x + -module 
iroE>u(X v , E) is free of rank one (since E is complex orientable) and so can be interpreted as the mod- 
ule of sections of a line bundle L(V) over Xe- The fact that the Thom complex of an external Whitney sum 
is the smash product of the Thom complexes gives rise to a canonical isomorphism 

L(V © W) = L(V) <g> L(W) (8.1) 

This property can then be used to extend the definition of L(V) to virtual bundles; we define 

L(V-W) =L(V") ®L(I¥)- 1 . (8.2) 

If / : X — > Y" is a map, and V is a virtual bundle over Y, then there is an isomorphism 

In terms of algebraic geometry, this means that there is a natural isomorphism 

L(/*V) L(V). (8.3) 



Here is a series of examples which lead to a fairly complete understanding of the functor L. 

(1) If L denotes the canonical line bundle over CP 00 , then the zero section identifies ttoSjj (CP°° L ,E) with 
the augmentation ideal in 7ToE Cf, + , and so we have an isomorphism 

JL(X) ^J(O). (8.4) 

(2) Suppose that V is a line bundle over X, classified by a map b : X — > CP°°. In terms of algebraic 
geometry, the map b defines an X^-vaXue point b = &e of G. It follows from (|8.3|l that 

h(V) S b*l{Q) S Q*J(-6). (8.5) 

(3) Taking X to be a point and V to be the trivial complex line bundle in. (2), we have 

L(V) = 0*J(0). (8.6) 

Now L(V") is the sheaf associated to ^E, while 0*1(0) is the sheaf of cotangent vectors at the origin of G, 
isomorphic to the sheaf log of invariant differentials on G. 

(4) If V is the trivial bundle of dimension k, then by (|8.6f) and (|8.1|) . L(V) is just Wg. If / : E — > F is an 
E-algebra (e.g. F = E x +), this gives an interpretation of the homotopy group 7T2fcF as the sections of 

(5) If V = (1 — L) is the reduced canonical line bundle over CP 00 , then using I|8.4|) . and (|8.t)[) we have 

L(v) = vr*o*j(o) ^^(o)- 1 = e^xco)), 

where 7r : Ge — > Se is the structural map and 8 1 is defined in Definition 1 13. 21 

(6) With the notation of example @ consider the line bundle V ® L over X x CP°°. Then L(V <g> i) is 
pulled back from 2g(0) along the map 

I E xG G x G A G. 

It follows that 

h(V ® L) = T b *J(0) = J XexG (-6). (8.7) 

(7) More generally, suppose that V = X] i s a virtual sum of line bundles over X. The line bundles Li 
define points bi of G over X&, and the bundle V determines the divisor D = n i[bi}- It follows using l|8.1|) 
that 

L(V®L)=1 XexG (D- 1 ), (8.8) 

where D^ 1 = J2ni{b~~ 1 }. 

(8) In fact, by the splitting principle, the line bundle L(V ® L) can be computed in this manner even when 
V is not a virtual sum of line bundles. Indeed, by the splitting principle, there is a map / : F — > X with 
the properties that /e is finite and faithfully flat, and f *V is a virtual sum of line bundles. The line bundle 
h(f*(V) ® L) can then be computed as 0(D^ 1 ) as above. But the divisor D descends to X-& x G, even if 
none of its points do. 

(9) Let A be a finite abelian group. An element a € A can be regarded as a character of A* . Let V a be the 
associated line bundle over BA* . Recall (|7.1f) that this construction defines a group homomorphism 

X : A^G(BA* E ). 

The line bundle L(F a ®V ®L) over BA^ x X E x G is 

L(K®^®i) = P a *l(P _1 ); 

taking V to be the trivial line bundle over a point gives 

L{V a ®L) = T*1{0) =I(a- 1 ) 
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(10) Now let 

be the regular representation of A* . Over the scheme (BA*)e x G, the line bundle associated to the Thorn 
complex of V TCg ® V €5 £ is 



L(F rcg ® V ® L) a (g) T^p" 1 ) =l(^ ^Z?- 1 ) 

o£/l \ a / 



(8.9) 



In particular, 

L(V/ rog 8i)S!g T Q *J(0) = J( X ). (8.10) 

(11) Suppose that the map 

y : (BA*)r. -> hornU. G) 

of H7.2f> is an isomorphism. If 

A T ^ i*G ^ G' 

is a level structure with cokernel q over T, then changing base in (|8.10|l along 

T x G ^ homf A G) x G 
(where X£ is the map classifying the homomorphism £; see JOJO an d using (|1U.15H gives 

X*MV Icg ®L)= q*N q l G (0) S g*2b'(0) S2b(^). (8.11) 

(12) Restricting the above example to BA* we find that 

xlL(v reg ) = G q*Z G ,(0) = G ,Z G ,(0) 

= WG'< 

This series of examples establishes the following results: 
Proposition 8.12. For a pointed topological space X, let F be the spectrum E x+ , and let 

G = G F = (CP°°) F 

be the associated formal group. Attached to each (virtual) complex vector bundle V over X is a divisor 
D = Dy on G, and an isomorphism 

t v : h(V ® L) ^laiD- 1 ). (8.13) 

The map ty restricts to an isomorphism 

t v : L(V) = O*!^- 1 ). □ 

Proposition 8.14. The correspondence V 1— > Dy and the isomorphism (|8.13() are determined by the follow- 
ing properties 

i) IfV = V\ © V2, then Dy—Dy 1 + Dy 2 , and with the identifications 

L(Vi) ®L(V 2 ) SL(V) 

X{D-l)®X{Dyl)^l{Dy% 

there is an equality 

ty = ty 1 ® ty 2 ■ 

ii) If f : Y — > X is a map of pointed spaces, and ifW= f*V, then D\y = f*Dy, and t\y = f*ty. 
hi) If X is a point, and V has dimension 1, then D = [0], and the isomorphism 

t L : L(L) = Z(0) (8.15) 
is given by applying 7ToE( _ ) to the zero section CP|° -> CP°°^. □ 
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Part 3. Level structures and isogenics of formal groups 

9. Level structures 

9.1. Homomorphisms. Suppose that A is a finite abelian group and G is a formal group over a formal 
scheme S. 

Definition 9.1. We write hom (A, G) for the functor from formal schemes to groups defined by the formula 

hgm(A,G)(T) = {pairs (it, £) \ u : T -> S , i G hom(A, u*G(T))}. 
Remark 9.2. We shall use the notation 

A T u*G 

to indicate that T is a formal scheme and (u,£) G hom (A, G)(T). 

Example 9.3. Let G be a formal group over R, and suppose that a; is a coordinate on G. Let F be the 
resulting group law. The "n-series" of F is the power series [n](t) G defined by the formula 

[n] (x) — n*x, 

where the right-hand-side refers to the pull-back of functions along the homomorphism n : G — > G. To give 
a homomorphism 

£ : Z/n -> G(T) 

is to give a topologically nilpotent element x(£(l)) of 0(T), with the property that 

[n](^(l)))=0; 

the homomorphism £ is then given by 

x(£(j)) = \j](xm))- 

It follows that 

hom(Z/n, G) = spf (i?[^(l))]/(M(a^(l))))). 

It is clear from the definition that if B C j4 then there is a restriction map 

hom(A, G) -> hom(g.G). 

and if ^4 = _B x G then the resulting map 

hom(A, G) hpm(B, G) x s hom(G, G) (9.4) 

is an isomorphism. Also from the definition we see that if j : S' —> S is a map of formal schemes, then the 
natural map 

homfA j*G) -> j*hom(A,G) 
is an isomorphism. Combining these observations with Example 19 . 31 and the structure of finite abelian groups 
gives the following. 

Lemma 9.5. The functor hom( A, G) is represented by an affine formal scheme over S. If j : S' — > S is a 
map of formal schemes, then the natural map 

homCA j*G) -> j* hom(A, G) 

is an isomorphism of formal schemes over S' . □ 

For formal groups over p-local rings, only the p-groups give anything interesting. 
Example 9.6. Returning to Example 19.31 the n-series is easily seen to be of the form 

[n](t) = nt + o(2). 

If n is a unit in R, then 

R[x]/([n]{x))e<R 
so hom (Z/n, G) is the trivial group scheme over R. 
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Example 9.7. If R is a complete local ring of residue characteristic p, then there is an h with 1 < h < oo 
such that 

[p m ] (t) ee etP mh + o(t p " + 1) mod m R . 
This h is called the height of G. If h is finite, then the Weierstrass Preparation Theorem |Lan78l pp. 129-131] 
implies that there are monic polynomials g m (t) of degree p mh such that 

\p m ](t) = 9m{t) ■ e, 

where e is a unit of Rftj. It follows that C?( hom (Z/p m . G)) is finite and free of rank p hm over R. 

These examples generalize to give the following. 

Proposition 9.8. Let G be a formal group of finite height over a local formal scheme S. Then hom_(A, G) 
is a local formal scheme over S. For B C A, the forgetful map 

homCA G) -> homCB. G) 

is a map of formal schemes, finite and free of rank d , where d is the order of the p-torsion subgroup of 
A/B. □ 

9.2. Level structures. The scheme hom(A, G) has an important closed subscheme level (A, G), which was 
introduced by Drinfel'd |Dri74| . Suppose that G is a formal group over a formal scheme S. For simplicity, 
we suppose that S is a local formal scheme of residue characteristic p > 0. 

Definition 9.9. Let T be a formal scheme. A T-valued point 

A T ^ i*G 

of hom(A, G) is a level structure if for each prime q dividing \A\, the subgroup i*G[g] = ker(q : i*G — > i*G) 
is a divisor on G/T, and there is an inequality of divisors 



J2 m\ < **G[q} 



qa—0 

in i*G. The subfunctor of hom fA G) consisting of level structures will be denoted level f-A, G). 
Remark 9.10. If we say that 

A T i*G 

"is a level structure," we mean that T is a formal scheme, and is a T-valued point of leveK A, G). We 
may omit one of T and i if it is clear from the context. 

Here are some examples to give a feel for level structures. First of all, only p-groups of small rank can 
produce level structures. 

Lemma 9.11. If \A\ is not a power of p, then 

leveKA, G) = 0. 

If the height of G is h and the p-rank of A is greater than h, then again level (A, G) = 0. 
Proof. If \A\ is not a power of p, then there is a prime q^p such that the divisor 

qa— 

has degree greater than 1. However, q : G — > G is an isomorphism, so G[q] = [0] has degree 1. Similarly, if 
the height of G is h then the degree of G\p] is p h . □ 

A level structure is trying to be a monomorphism; for example if R is a domain in which |^4| ^ 0, then a 
homomorphism 

I : A G(R) 

is a level structure if and only if it is a monomorphism ( Corollary 19. 2 lj l. However, naive monomorphisms 
from A to G can't in general be a representable functor. 
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Example 9.12. Let G m be the formal multiplicative group with coordinate x so that the group law is 

x + y = x + y — xy. 
F 

The p-series is 

[p](aO = l-(l-z) P - 

The monomorphism 

Z/p->G m (ZM/[p](j/)) 
given by j i— > [j] (j/) becomes the zero map under the base change 

z[v]/([p](i/))->z/p 
y >-> o. 

On the other hand, the functor level (A G) is representable. 

Lemma 9.13. Let G be a formal group of finite height over a local formal scheme S, and let A be a finite 
abelian group. The functor level fA, G) is a closed formal subscheme of hom ( A, G). 

Proof. See Katz and Mazur |KM85I 1.3.4] or |Str97j . □ 

It is clear from the definition that if j : S' — > S is a map of formal schemes, then the natural map 

leveKA i*G) -> f leyel(A, G) 
is an isomorphism of formal schemes over S' . 

Proposition 9.14. Suppose that G is a formal group of finite height h over a local formal scheme S with 
perfect residue field of characteristic p > 0, and suppose that A is a finite abelian p-group with \A[p]\ < p h . 
Then we have the following. 

i) The functor level fA, G) is represented by a local formal scheme which is finite and flat over S: indeed 
Q( leve\ (A, G)) is a finite free (D(S)-module. 

ii) If G is the universal deformation of a formal group over a perfect field (see lfy) then level fA, G) is the 
formal spectrum of a Noetherian complete local domain which is regular of dimension h. 

Proof. With our hypotheses, we may suppose that G/S is the universal deformation of a formal group of 
height h over a perfect field k of characteristic p; the general case follows by change of base. 

If A = A[p], then the result is precisely the Lemma of |Dri741 p. 572, in proof of Prop. 4.3]. The proof in 
the general case follows similar lines and is given in |Str97| . 

The proof of 0) for a general A can be given easily: by definition of level (A G), the diagram 

levelfA G) — ^— > hgm(A G) 

4 l fc 

level(A\v}M) — — ■* hgm(A\p],G). 
is a pull-back. Proposition 19.81 implies that k is finite and free, and so i is too. □ 

9.3. Level structures over p-regular schemes. In this section, we suppose that G is a formal group of 
finite height over a complete local ring E of residue characteristic p > 0. The following description of the 
subscheme level fA. G) was found by Hopkins in the course of his work on HKR00 . 

Proposition 9.15. Suppose that p is not a zero divisor in E. Let x be a coordinate on G. The scheme 
level (A G) is the closed subscheme of hom (A, G) defined by the ideal of annihilators of x(£(a)), where a 
ranges over the non-zero elements of A[p\. 
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The proof will be given at the end of this section. Note that the ideal in the Proposition is independent 
of the coordinate used to describe it. 

For n > 1 let A[n] denote the n-torsion in A. Let R be a complete local .E-algebra, and consider the 
following conditions on a homomorphism 

e-.A^G(R). 

Again, they are phrased in terms of a choice of a coordinate x on G, but they are easily seen to be independent 
of that choice. 

(A) If 7^ a £ A\p] then x(£(a)) is regular (i.e. not a divisor of zero). 

(B) If ^ a £ A[p] then x{l\a)) divides p. 

(C) n„ e A M (* -*(*(<*))) dividcs M(*>)- 

(D) The natural map 

R[*] / ( II {x-x{l(a)))\ - II (RM/(x-x(e(a)))) (9.16) 

/ \aeA[p] J a£A\p] 

is a monomorphism. 
Condition (C) says precisely that there is an inequality of Cartier divisors 

"£[t(a)]<G\p]. 

pa—O 

Thus condition (C) is that I is a level structure. 

Proposition 9.17. If R is p-torsion free, then these conditions are equivalent. 

First we prove the following result. It will be convenient to use the symbol e to denote a generic unit. Its 
value may change from line to line. 

Lemma 9.18. Let n = \A[p m ]\. The discriminant of the set 

{x(l(a)) | a e A[p m }} 

is 

0^aeA[p">] 

Proof. Let F be the group law associated to a coordinate on G. The formula 

x-y=(x- y)e(x,y), 

F 

where e(x,y) £ Elx,y] x , gives 

A= J] (x(l(a))-x(e(b))) 

a^beA[p m ] 

= e\{{x{i{a))-x{i{b))) 

F 

= e]\x(t{a) - i(b)) 

=e]j n 

c^O a—b—c 

= e\[x(l(c)Y. 

□ 
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Proof of Proposition \9.1 r l\ Under the hypothesis that p is regular in R, it is clear that (B) implies (A). Let's 
check that (A) implies (B). Note that 

\p](x) — x(p + xe{x)) 
for some e(x) £ Ufa;]. For a G A[p] we have 

= \p](x(£(a))) = x(£(a))(p + x(£(a))e(x(£(a)))). 
If x(£(a)) is not a zero-divisor in R, then we must have 

p= -x(£(a))e(x(£(a))). 

Next, let check that (C) implies (B). If (C) holds, then there is a power series e(x) £ E{xJ such that 

e(x) Yl (x- x(£(a))) = \p](x) = px + o(x 2 ) 

a£A\p\ 

The coefficient of x on the left is (up to a sign) 

e(0) J] x(£(a)) 

so (B) holds. 

Next let's check that (A) implies (D). With respect to the basis of powers of x in the domain and the 
obvious basis in the range, the matrix of 1)9. 16|) is the Vandermonde matrix on the set x(£(A[p])). Condition 
(A) and Lemma \9 . 1 81 together imply that (|9.16() is a monomorphism. 

Finally, let's check that (D) implies (C). Each x(£(a)) is a root of [p](a;), so the image of [p)(x) in the 
range of l|9.16|l is zero. If (D) holds then [p](x) is zero in the domain, which implies (C). □ 

Lemma 9.19. Condition (A) holds if and only if, for all non-zero a G A. x(£(a)) is a regular element of 
R. Condition (B) holds if and only if, for all non-zero a £ A, x(£(a)) divides a power of p. If p is regular 
in R, then (C) holds if and only if, for each m, Yl a eA[p m ]( x ~ x (^( a ))) divides [p m ](x), and (D) holds if and 
only if for each m, the natural map 




rm 1 1 n - i -> n ( R i x i/( x - (9.20) 

a<EA[p m ] 



is a monomorphism. 



Proof. Recall that the p-series [p](x) is divisible by x: let (p)(x) be the power series such that 

\p](x) = x(p)(x). 

Thus 

x(£(pa)) = x(£(a))(p}(x(£(a))). 
so if x(£(pa)) divides zero (resp. a power of p), then so does x(£(a))\ this proves the statement about (A) 
and (B). For the statement about (D), suppose that p is not a zero divisor in R, and condition (D) holds; 
by Proposition 19.171 condition (A) holds. With respect to the basis of powers of x in the domain and the 
obvious basis in the range, the matrix of (|9.2U|) is the Vandermonde matrix on the set x(£(A[p m })). Lemma 
19.181 and the statement about (A) prove the statement about (D). For the statement about (C), suppose 
that p is not a zero divisor in R and condition (C) holds; by Proposition ^. 171 condition (D) holds. It follows 
that for each m, the natural map (|9.20() is a monomorphism. If p m a = 0, then x(£(a)) is a root of [p m ](x), 
so the image of [p m ](x) in the range of l|9.20|l is zero, which implies the statement about (C). □ 

Corollary 9.21. If R is a domain of characteristic 0, then the conditions (A) — (C) hold if and only if 
I : A — > G(R) is a monomorphism. □ 

Proof of Provosition \y.l5\ By Proposition 19.141 R = O (level (A, G)) is a finite free i?-module. It follows 
that p is not a zero divisor in R. Proposition 19 . 1 7l implies that R is initial among complete local -B-algebras 
satisfying (A). □ 
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Example 9.22. Let G be a formal group of finite height over a p-regular complete local ring R of residue 
characteristic p. Suppose that x is a coordinate on G. Let (p)(t) £ Rftj be the power series such that 

t(p)(t) = \p\(t)- 

Proposition 19 . 1 51 implies that 

level(Z/p, G) - spf (R\x(l(\))]/ (p)(x{t{l)))) . (9.23) 
This calculation occurs as part of the proof of the Lemma in the proof of Proposition 4.3 of |Dri74j . 

9.4. Calculations in hom (Z/jp, G) via level structures. Let G be a formal group of finite height over a 
p-regular complete local ring R with perfect residue field of characteristic p > 0. Let A be a finite abelian 
group. By construction there is a natural map 

OdiomCA G)) -> OQevelU, CD). 

There is also a ring homomorphism 

Q(hom(A, G)) -> R 

classifying the zero homomorphism. The proof of Proposition 16 . II uses the following result. 
Proposition 9.24. The natural map 

0(hom(Z/p, G))^Rx CdeveKZ/p, G)) (9.25) 

is injective. 

Remark 9.26. This result is equivalent to the injectivity for the group Z/f> of the character map of Hopkins- 
Kuhn-Ravenel, and as such is proved in HKR00 . 

Proof. Let h be the height of G. Let A = (T,/p) h . Let g{x) be the monic polynomial of degree p h such that 

MO) = g(x)e 

where e £ R[xj x . Then 

hom(Z/p,G) - sp£R[x]/]p](x) S spf E[arl/ 5 (ar), (9.27) 
and Proposition ^. 151 (see Example 19. 22fl implies that 

0(\eyel(Z/p 7 G)) = R{x}/(p)(x). 

Let 

D = 0(leyel(A,GQ) 

and let 

t : A -> G(D) 
be the tautological homomorphism. By definition, 

D = Q(hgm(A,G))/J, (9.28) 

where J is the ideal obtained by equating coefficients in 

l[(x-x(e(a)))=g(x). (9.29) 

By Proposition 19.141 D is finite and free over R. Therefore, letting u denote the map l|9.25|l . it suffices to 
show that D®u is injective. 

Each non-zero a £ A gives a monomorphism Z/p A and so a homomorphism 

OQevel(Z/p. G)) ^> D 

x i a;(£(a)). 

We may view these all together as a ring homomorphism 

D®0(\eve\(Z/v,G)) ^ JJ D[a;]/(x- s(^(o))). 

0#aGA 
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Note that the identity map of D may be written as 



D ^ D\x\/(x-x{l{0))) =D. 



With this notation, the diagram 



L>§C(hom(Z/p, GO) £>§(i? x C(leyel(Z/p, G))) 

FxM 

^M/dlaeA^-^o)))) > O^MA* -*('(«))) 

commutes, where the map across the bottom is the evident map (|9.16|l . It is a monomorphism by Proposition 
KH7I □ 

10. ISOGENIES 

Throughout this section, G is a formal group of finite height over a local formal scheme S with perfect 
residue field of characteristic p > 0. If 

A S ^G 

is a level structure, then the Cartier divisor 

is a subgroup scheme of G, and the quotient G/[£(A)] is a formal group. A finite free map of formal groups 
G — > G' is called an isogeny. In this section we recall the construction of the isogeny G — * G/[£(A)]. 

10.1. The norm. An important ingredient in the construction of the quotient is the following (see for 
example |Mum701 III §12], jDG70l III §2 no. 3], |Str97p . Let X Y be a finite free map of local formal 
schemes. Multiplication by a section / 6 Ox defines an Oy-linear endomorphism /• of Ox- 

Definition 10.1. The norm of / is the determinant 

N./ = Det(/-) e Oy. 

This is a multiplicative (but not additive) map Ox —> Oy. 

Definition 10.2. A list Pj : Y — ► X, j = 1, . . . , k of not-necessarily distinct sections of it is called a full set 
of sections if, for all / £ Ox , 

N„/=n/(^-)> 

3 

where we have viewed Pj as a F-valued point of X and so written f(Pj) for Pjf. 

Definition 10.3. Let C be an invertible sheaf of ideals on X. The norm of £ is the ideal sheaf N^ZI on Y" 
generated by N ff f, where f is a generator of £. 

The multiplicativity of implies that N^Z! is independent of the choice of generator t, and, if s is a 
section of C, then its norm N^s is a section of N„X. The norm is not additive, but it is multiplicative in 
the sense that 

N w (/s) = N w /-N 7r s 
if / is a section of Ox and s is a section of £. 

If {Pi, . . . , Pk} is a full set of sections of tt, then the map 

defines an isomorphism of Oy-modulcs 

(g)P;£-N T £. 
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In particular, N„X is a line bundle, and the norm extends to a multiplicative map from the group of 
invertible fractional ideals on X to the the group of invertible fractional ideals on Y. 

10.2. Quotients by finite subgroups. 

Definition 10.4. A finite subgroup of G is a divisor K on G which is also a subgroup scheme. 

Let us write 7r and [i respectively for the projection and multiplication maps 

7r, \i : G x K — > G, 

and let Oq/k be the equalizer 

O g /k >Oa I ^ On®OK. (10.5) 

Proposition 10.6. i) For f £ O g , we have N v /j,*f e G / K . 
ii) If x is a coordinate on G and y — ISS^^x, then 

G / K = Os{yl 

In particular, Oq/x is the ring of functions on a formal scheme G/K over S. 

hi) G/K has naturally the structure of a formal group, and as such is the categorical cokernel of the inclusion 

K 

iv) For any map f :T — > S of local formal schemes, there is a canonical isomorphism of formal groups 

f*G/f*K f*(G/K). 

Proof. The construction of quotients of formal groups by hnite subgroups goes back to Lubin Lub67 . For 
the construction of the quotient in the generality considered here, see |Dri74| and |Str97| . □ 

Definition 10.7. An isogeny is a finite free homomorphism q : G — > G' of formal groups, i.e. a homomor- 
phism of formal groups such that kerg is a finite subgroup of G. 

Proposition 1 1 . ()l implies that isogenies are epimorphisms. 

Lemma 10.8. If f : G — > G' is an isogeny, then there is a unique isomorphism G/ker/ = G' making the 
diagram 

G 



G/ker f—z->G' 
commute. If g : G G" is another isogeny, such that 

ker / C ker g, 

then there is a unique isogeny 

h:G'^ G" 

such that g = hf. □ 

Let q : G — * G' be an isogeny, and let K — kerg. By Proposition llO.tjl the norm map 

N^* :O g ^O g 

takes values in O g /k Q O g . 

Definition 10.9. We write N q for the norm 

N q : O g -> O a , 
induced by N T /i* and the isomorphism G/K = G' . 
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10.3. Level structures, quotients, and the norm of an ideal. Let A be a finite abelian group, and let 

A S ^G 

be a level structure. 

Proposition 10.10. i) The Cartier divisor 

\i{A)] = Y,m] 

aeA 

is a subgroup scheme of G. 
ii) The sections 

£(a) : S - [1{A)] 

for a £ A are a full set of sections of [^(^4)]- 

Proof. It suffices to prove the first part in the case that G is the universal deformation a formal group 
of height h over a field of characteristic p, and R = 0(level(A,G)). In that case the result is essentially 
Proposition 4.4 of |Dri74| : DrinfcPd actually considers a level structure of the form 

A = {1/p n ) h ^ G(R) 

and a subgroup A <Z A, but his argument uses only the A-structure and the fact that Ra(G) is a Noetherian 
p-regular complete local domain. Strickland Str97 gives a complete proof in the generality considered here. 
Katz and Mazur prove the second part as |KM85I Thm. 1.10.1], in the case that G is smooth curve over a 
scheme S] their proof proceeds by reducing to and proving the local case considered here. □ 

It follows from Proposition 1 1 . 1 0*1 that . if 

G ^G' 

is the cokernel of the inclusion [£(A)] — > G, then the norm of Definition 110.91 is given by the formula 

<w = n T af- 

aeA 

In particular, if x is a coordinate on G, then 

y = II T > (io.il) 

aeA 

is the coordinate on the quotient G' given in Proposition ESI Indeed this is the coordinate discovered by 
Lubin Lub67 . A coordinate on G is a trivialization of the line bundle Zg(0), and it is useful to interpret 
the norm in terms of line bundles. 

Let C be an invertible sheaf of ideals in Oq (or, more generally, an invertible fractional ideal on G). 
Proposition 110.61 implies that there is a line bundle N £ — N q C on G", characterized by the formula 

q*NC = N^*£; 

and if t is a trivialization of C, then Nt is a trivialization of NC. The map 

(gK^n^ ( io - 12 ) 

aeA aeA 

defines an isomorphism 

(g) T*C q*NC. (10.13) 

aeA 

If s is a section of C, then under this isomorphism 

(g)T * S = <?*iV S . 

aeA 

Thus in the presence of the level structure, the first two parts of Proposition 110.61 take the following form. 
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Proposition 10.14. There are canonical natural isomorphisms 

NO G £* O g , 
NI G (0)=I G ,(0) 

q*l G >(0) = (g)T*/ G (0) - I G (£). (10.15) 

If s is a coordinate on G, then Ns is a coordinate on G' , and under the isomorphism (I10.15JI . 

q*Ns=(g)T*S. 

□ 

11. Descent for level structures 

In Definition 13.11 we described "descent data for level structures" as they appear on the formal group 
of an Hoc ring spectrum. In this section, we give an equivalent description (see Proposition 111. lljl which 
displays the relationship to the usual notion of descent data. In addition to justifying the terminology, the 
new formulation simplifies the task of showing that the Lubin-Tate formal groups have canonical descent 
data for level structures ( Proposition 1 1 2 . 9|l . 

11.1. Composition of isogenies: the simplicial functor leveL . Let FGps be the functor from admissible 
local rings R to sets whose value on R is the set of formal groups Gj spf R. If / : R — > R! is a map of admissible 
local rings, then FGps(/) sends Gj spf R to f*G/ spf R' . 

Let 

leyel(A) -> FGps 

be the functor over FGps whose value on R is the set of formal groups Gj spf R equipped with a level 
structure 

^spfi? — ► G. 

We define 

level ] d =Y[ level (An); 

Ao 

the coproduct is over all finite abelian groups. We have adorned the level and the A with subscripts so that 
we can make the more general definition 

leveL , = |J level(Ao). 

0=A„CA n _i---01o 

The coproduct is over all sequences of inclusions of finite abelian groups with A n = 0. With this convention 
we also have 

FGps = level p. 

We write 

d : level! -> FGps (11.1) 

for the structural map. 

Over leyelj (A) we have a level structure 



and an isogeny 



A — > d„G 



d*G G/l{A) 



with kernel A. These assemble to give a group G/£ and an isogeny 

d*G ^ G/£ 

over level 1 . We write 



d 1 : level! -> FGps (11.2) 
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for the map classifying G/l. 
Lemma 11.3. Let 

A-^G 

be a level structure. If B C A, then the induced map 

B^G 

is a level structure. If q : G —> G' is an isogeny with kernel £\b, then the induced map 

£' : A/B -> G' 

is a level structure. 

Proof. The first part is clear from the definition of a level structure (19. 9|) . For the second part, consider the 
diagram 

A — G 

<i 

A/B — ^— > G'. 

Let D be the divisor 

D= £ [l{a)\ 

pa—0 

on G; by hypothesis we have an inequality of Cartier divisors 

D<G[ P }. 

It follows that 

^2T b *D<Y,T b *G[p}. 

b£B beB 

The formula IjlU.llfl for the coordinate on the quotient G' shows that the left side descends to the divisor 



cG(A/B) 
pc—0 

while the right side descends to the divisor G'[p]. □ 
The Lemma gives maps 

dj : leyel n — > level n . x 
for < j < n as follows. For < j < n — 1, the map dj sends a point 

= A n C ■ •• c A 3 ;C .. . C A -> G (11.4) 

of leyel n to the point 

= A n • : ,1:: • G 

of level r i obtained by omitting Aj. The map d n sends l|l 1.4(1 to 

= An-x/An-l C • • • C A /A„_i -> G/^(A„_i). 

In the case n — 1 these are just the maps (111.1(1 and 1(11.2(1 . We also have for < j < n a map 

Sj : leyel„ -> level n+1 
which sends the sequence 1(11.411 to the sequence 

An C ■■■ CAj CAj C ... CA ^ G 
obtained by repeating Aj . It is easy to check that 

Lemma 11.5. ( level t , d*, s*) is a simplicial functor. □ 
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11.2. Descent data for functors over formal groups. Now suppose that 

V -> FGps 

is a functor over FGps, and if x G V(R) is an i?-valued point, let's write G x for the resulting formal group 
over spf R. As in the previous section, we define 

level fyj V) = level (A) x FGps V 
level , (V) = level ,, x FGps V 

and so on. A point (£, x) E level (A, V)(R) is a point x of V(R) and a level structure 
We write 

rin : level! (V) -» \eveUP) = V. (11.6) 

for the forgetful map 

doit, x) = x. 

We also always have degeneracies 

Sj :levd n (V)^level n+1 (V) 

for < j < n. 

If (£, x) is an R- valued point of level fA V), then we get an isogeny 

G x — ► G x j I. 

Suppose that we have a natural transformation 

di : level, (V) -> P (11.7) 

such that 

Gdit^ir) = G x /£, (11-8) 

or equivalently that the diagram 

level! (V) > leve^ 

dj U (11.9) 

-P * FGps 

commutes. Lemma 1 1 1 . 31 then gives maps 

d i :level„(P)^leyel n _ 1 (7') 

for < j < n. 

Definition 11.10. Descent data for level structures on the functor V consist of a natural transforma- 
tion l|11.7fl such that 

(1) the diagram l|11.9fl commutes, and 

(2) (level + (7>), d*, sA is a simplicial functor. 

Remark 11.11. It is equivalent to ask for natural transformations 

dj : level, {V) -> leyel n _i (V) 

for n > 1 and < j < n, such that ( level ("P), cL, s«) is a simplicial functor, and the levelwise natural 
transformation 

leyel^ (V) — > level* 

is a map of simplicial functors. 
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For example, let G be a formal group of finite height over a p-local formal scheme S. The formal scheme 
S has the structure of a functor over FGps: if x : spf R — > S is a point of S, then 

G x = x G; 

We briefly write G/S for S, considered as a functor over FGps in this way. The functor level (A, G/S) is just 
the functor called level f A G) in § in particular it is represented by the S-scheme level f A G) of Lemma 
19.131 To give maps tpi and fe which satisfy condition Q of Definition y . II amounts to giving a map 



and an isogeny 



di : level, (G/S) -» S 



c^G dJG 



whose kernel on level fA. G/S 1 ) is A. Lemma fl 1 .31 gives maps 

dj : leveUG/S) -> leveL JG/S) 

for < j < n as explained above. With these definitions, parts (0) and © of Definition 13.11 are equivalent 
to asserting that 

(level* (G/SV*,s*) 
is a simplicial functor, and over level , (G) the diagram 

d* d* Q G (11.12) 



d\d\G 



d* d\G 



d* 2 d*G 



d' 2 q 

dld\G 
commutes. 

A more convenient formulation of Definition 13.11 is the following. Let G/S to be the functor over FGps 
whose value on R is the set of pull-back diagrams 

G 



f 



spf R 



G 



such that the map 



G' -> i*G 



induced by / is a homomorphism (hence isomorphism) of formal groups over spf R. For a finite abelian 
group A, level fA. G/S)(R) is the set of diagrams 



.4, 



spf 



spfiZ- 



^G 



where the square part is a point of G/S(R) and £ is a level structure. To give a map of functors 

level! (G/S) ^ G/S 
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(11.13) 



making the diagram 



level, (G/S) — » G/S 



level! rfl > FGps 

commute is to give a pull-back diagram 



G/i ► G 




level! (G/S*) ► S; 

it is equivalent to give a map of formal schemes 

di : level] (G/S) -» 5 

and an isogeny 

d^G d^G 

whose kernel on leveK A, G/S) is A. 

Proposition 11.14. Let G be a formal group over an admissible local ring R, and let S — spf R. Descent 
data for level structures on the group G/S are equivalent to descent data for level structures on the functor 
G/S. 



Proof. One checks that the commutativity of the diagram Q11.12B has been incorporated in the structure of 
the functor G/S. □ 



11.3. Noetherian rings and Artin rings. Suppose that V is a subcategory of the category of admissible 
local rings. If V is a functor from complete local rings to sets, let V 73 denote its restriction to T>. 

Definition 11.15. Descent data for level structures on V° consists of a natural transformation 

di : leve^ (T) v ^ V v . 

such that the restriction to T) of the diagram (|11.9(l commutes, and such that the ( \eve\ (V)) v , d*, s*) is a 
simplicial functor. 

For example, let TV" be the category of Noetherian complete local rings, and let A be the category of Artin 
local rings. If S and T are Noetherian local formal schemes, then the natural maps 

(formal schemes)(S', T) -> (functors) {S M , T N ) -> (functors) {S A , T A ) (11.16) 

are isomorphisms. 

Proposition 11.17. If G is a formal group over a Noetherian local formal scheme S with perfect residue 
field of characteristic p > 0, then the forgetful maps, from the set of descent data for level structures on G/S 

to the set of descent data for level structures on G / S^ and on G/S A , are isomorphisms. 



Proof. If G is a formal group over a Noetherian local formal scheme, then by Proposition 19 . 1 41 level (A, G) 
is also a Noetherian local formal scheme. The result follows easily from the isomorphism (|ll.lb| . □ 

12. Lubin-Tate GROUPS 

Let k be a perfect field of characteristic p > 0, and let T be a formal group of finite height over k. In this 
section we shall prove that the universal deformation of T has descent for level structures. 
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12.1. Frobenius. Let k be a perfect field of characteristic p > 0, and let T be a formal group of finite height 
over k. The Frobenius map <fi gives rise to a relative Frobenius F map as in the diagram 




spec k 



> spec k. 



The Frobenius map F is an isogeny of degree p, with kernel the divisor p[0]. 

12.2. Deformations. If T is a local formal scheme, then we write Tq for its closed point. 

Definition 12.1. Let T be a local formal scheme. A deformation ofT to T is a triple (H/T, f,j) consisting 
of a formal group H over T and a pull-back diagram 



H 



T 



r 



spec/c, 



such that the induced map Ht —> j*T is a homomorphism (and so isomorphism) of formal groups over To. 
The functor from complete local rings to sets which assigns to R the set of deformations of T to spf R will 
be denoted Def(r). 

From the definition it is clear that if (H/T, /, j) is a deformation of T, then there is a natural transformation 

H/T -» Def(r). 

Lubin and Tate |LT66| construct a deformation (G/S, / U niv, juniv) with an isomorphism 

SSjjpfWfclux,...,**-!] 

inducing Juniv : •S'o — spec such that the natural transformation 

G/S -» Def (T) 

is an isomorphism of functors over FGps. 

Remark 12.4. Lubin and Tate claim only that the restriction to Noetherian complete local rings 



(12.2) 
(12.3) 



G/S M -» Def (T) 

is an isomorphism. In fact, their argument proves the stronger statement. The main point is that, if $ is 
a formal group law over a field k of characteristic p > and if M is any fc- vector space (not necessarily 
finite-dimensional), then the natural map 

H 2 k (^)®M ^H 2 M {fS>) 

is an isomorphism, a result which Lubin and Tate assert at the beginning of 2.3 for M finite dimensional. 
Indeed, the argument of their Proposition 2.6 may be applied to give this calculation of H\ { (&). 

12.3. Descent for level structures on deformations. We continue to fix a formal group T of finite height 
over a perfect field k of characteristic p > 0. 

Let A be a finite abelian group. If R is a complete local ring, then a point of level (A, Def (r)) is a 
commutative diagram 

A — ^— > H < H To — ^— > r 

(12.5) 



N 



T 



T 



spec fc, 



consisting of a deformation (H, f,j) of T to R and a level structure £ on H . The level structure in (|12.5|) of 
T)ei(A,T)(R) has a cokernel 

If x is a coordinate on H, then a;(^(a)) is topologically nilpotent in 0(T). It follows that x(£(a)) = on To, 
and so there is a canonical isomorphism q making the diagram 

h To m*H To H Ta L_> r 
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?T 

ff^o > To ► T — — > spec k 

commute. In other words (if, /cang, is a point of Def(T)(T), and we have constructed a natural 
transformation 

level] (Def(r)) Def(r). (12.6) 
satisfying l|11.8|l . The fact that tp r <j) s — cf> r+3 then implies 

Lemma 12.7. The map e?i is descent data for level structures on the functor Def(T). □ 

Now let (G/S, /univ 7 Juniv) be Lubin and Tate's universal deformation of T/ spec k. Using the isomor- 
phism l|12.3fl and Proposition !! 1 . l7l we may trade G/S for Def(T) in l|12.6f> to get a map 

di : level! (G/S) ^ G/S_ (12.8) 

such that 

Proposition 12.9. The natural transformation d\ is descent data for level structures on the functor G/S, 
and so gives descent data for level structures on the formal group G/S . □ 

12.4. Comparison to the descent data coming from the structure of Goerss and Hopkins. 

The construction of the descent data in Proposition 112.91 uses the equality 

p r [0] = kerF r : T -> (0 r )*r (12.10) 

of divisors on T and the equation 

F r+s = ^ryps^pr . p ^ (12.11) 

More generally, to give descent data for level structures on G/S is equivalent to giving a collection of isogenies 

F r : r -► (<^ r )*r 

for r > 1 satisfying the analogues of l|12.10|) and H12.11|) . The descent data in the Proposition are uniquely 
determined by the choice F r = F r . 

Now let E be the homogeneous ring spectrum such that G = Ge is Lubin and Tate's universal deformation 
of r, so 

S B =S = B P fW*;[«i,...,tt h _ 1 ]. 
In work in preparation, Goerss and Hopkins GH02] have shown that E is an ring spectrum; by Theorem 
13.251 it follows that there is a map 

leve^ (G/S) G/S 
giving descent data for level structures on G/S. 
Let A be a finite group of order p r , and let 

A sp [R — > i*G 

be a level structure on G. Reducing modulo the maximal ideal in the construction of ipf CEUt , one sees that 

%j)f = 4> r : Se — > <5e. 
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Examination of the construction (|3.14() of ip, ' shows that 

(V>f /E )s = F r ■ Gs - m*Gs . 

Thus we have the following result. 

Proposition 12.12. // E is the spectrum associated to the universal deformation of a formal group T of 
finite height over a perfect field k, then the descent data for level structures on Ge provided by the 
structure of Goerss and Hopkins coincide with the descent data in Proposition □ 

Remark 12.13. At the time of the writing of this paper, the result of Goerss and Hopkins is not published. 
The arguments of this section do not depend on their result beyond the existence of the structure, so 
a cautious statement of the Proposition is that the descent data for level structures on Ge provided by any 
Hoc structure on E coincide with the descent data in Proposition ll2.9l 



Part 4. The sigma orientation 

13. 9 fc -STRUCTURES 

13.1. The functors fe . Suppose that G is a formal group over a formal scheme S, and suppose that C is 
a line bundle over G. 

Definition 13.1. A rigid line bundle over G is a line bundle C equipped with a specified trivialization of 0*C. 
A rigid section of such a line bundle is a section s which extends the specified section at the identity. A rigid 
isomorphism between two rigid line bundles is an isomorphism which preserves the specified trivializations. 

Definition 13.2. Suppose that k > 1. We define the line bundle <d k (£) over G k by the formula 

O k (£)= l (g) (/4£)(- 1)m . (13.3) 

i~C{l,...,fc} 

If s is a section of C, then we write Q k s for the section 

e fe .s= ® (tf«) ( - 1)m . 

ZC{l,...,fc} 

of 9 fc (£). We define 9°(£) = C and 9°s = s. 
For example we have 

e 2 (£) a , h 



C 

Co 

Ca 



zi r ^ _ _ Cq g C a+b g C a+C Cb+c 

C a ® C b ® C c ® Ca+b+c 

We observe three facts about these bundles. 

(1) O k (£) has a natural rigid structure for k > 0. 

(2) For each permutation a £ S^, there is a canonical isomorphism 

: KQ k (C) £ & k (£). 

Moreover, these isomorphisms compose in the obvious way. 

(3) There is a canonical identification (of rigid line bundles over X k+1 ) 

o k (c) aua2 _ ® e k (c)- o \ aua2 _ ® e k (c) ao , ai+a2 ,... ® e fc (£)-i Qi! ... s 1. (is.4) 



Definition 13.5. A fe -structure on a line bundle C over G is a trivialization s of the line bundle Q k (C) 
such that 

(1) for k > 0, s is a rigid section; 

(2) s is symmetric in the sense that for each a S Efc, we have £,a^%s = s; 

(3) we have 

s(ai,a 2 , ■ ■ ■) ® s(a + a 1; a 2 , • ■ ® s ( a o> Oi + a 2 , . . .) ® s(a , Oi, . . = 1 (13.6) 
under the isomorphism 113. 4fl . 

A 3 -structure is known as a cubical structure Brc83 . We write C k (G;C) for the set of fc -structures 
on C over G. Note that G°(G;£) is just the set of trivializations of C, and C 1 (G;£) is the set of rigid 
trivializations of 9 1 (£). We also define a functor from rings to sets by 

C k (G;C)(R) = {(«,/) | u : spec(i?) —> S , f & C k pcc{R) (u*G;u*C)}, 

and we recall the following. 

Proposition 13.7 ( AHS01 ). Let G be a formal group over a scheme S, and let C be a line bundle over G. 
The functor C_ k (G; C) is represented by an affine scheme over S, and for j : S' — > S, the natural map 

C k (j*G;f£)^j*C k (G;£) 

is an isomorphism. □ 

13.2. Relations among the O fe : the functor A. 

Definition 13.8. If M. is a line bundle over G™, then we define A.M to be the rigid line bundle over G n+1 
given fiberwise by the formula 

Au _ M aii a 3i ...,a n + 1 ®Mg 2 ,...,a n + 1 

^-^^'ai,a2, Qii + l \a ka 

■ /V la 1 +a 2 ,a 3 ,...,a n+1 <&> A / lo,a 3 ,...,a„ + i 

If s is a section of Ai then we write As for the rigid section 

* / \ s(ax,...) (g>s(a 2 ,...) 

As{ai, a n+ i) = — ■ - 

s(ai + a 2 , . . . ) <S> s(0, a 3 ,...J 

of AA^. 

The following can be checked directly from the definitions. 

Lemma 13.9. i) A is multiplicative: if M. is a line bundle over G n then there is a canonical isomorphism 
of rigid line bundles 

A(A4i ® M 2 ) A(A4i) <g> A{M 2 ). (13.10) 
ii) Under the identification (113. 1UII . one has 

A(s 1 (E)s 2 ) = A(si) (E> A(s 2 ). 
hi) If C is a line bundle over G then for k > 2 t/iere is a canonical isomorphism of rigid line bundles 

S k JC^ A6 fe -\C. (13.11) 
iv) If s is a section of C then under the isomorphism (I13.11fl . one /ias 

6 fc s = A6 fc_1 s 

□ 
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14. The norm map for O^-structures 



G k xK -^G k 



Suppose that A is a finite group, and let 

A S ^G 

be a level structure on a formal group G of finite height over a local formal scheme with perfect residue field 
of characteristic p > 0. Let 

K=[t(A)}, 

and let 

G 

be the quotient of G by K. 

Fix k > 1, and, for 1 < i < k, let 

IM,Wi :G k xK -^G k 

be the maps given in punctual notation by 

^(9i,---,9k,a) = (g 1 ,...,g l + a,...,g k ) 
Wi(gi, ...,gk,a) = (gi, . . . , a, . . .,g k ); 

that is, Wi replaces gi with a. Let 

the projection onto the first k factors. 
Let 

A s ^ G k 

be the homomorphism to the i factor, let 

G t =G H xG'x G k ~\ 

and let 

q l : G k - d 

be the projection. 

If M. is an invertible fractional ideal on G k , then by Proposition 110.61 we may define N^M to be the 
invertible fractional ideal on Gi such that 

q*N,M = N^M) ® N^O*^)" 1 . 

For a€i, let T a A4 be the line bundle whose fiber over (gi, . . . , gj.) is 

l,M, : , — U ' . (14.1) 

■M(a,g 2 ,...) 

If s is a section of Ai, define T a s by 

rjn I \ S (« +.91, ■ ■ ■ ,5fc) 

s{a,g 2 , ■ ■ ■ ,9k) 

Proposition llO. lUI implies that there is a canonical isomorphism 

qlNiM = f a M, (14.2) 

which after base change along l\ is equivariant with respect to the evident action of A on the right. 
By construction, if s is a section of Ai then we get a section NiM. of NiAi by the formula 

q*N iS = N^s) g> N,(«)*s) -1 . 
Under the isomorphism l|14.2|) . we have 

g^is = (g)f aS . 

agA 

Now suppose that £ is an invertible sheaf of ideals on G. 
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Lemma 14.3. There is a canonical isomorphism of rigid line bundles 

q*N t e k C = {q k )*Q k N q C. 



(14.4) 



Proof. We prove the statement for i = 1. One checks directly that there are natural isomorphisms of rigid 
line bundles 

f a e 1 c = e^c = q x t*c 

Af a M = f a AM. 

The proof follows by induction, using the Lemma 113.91 and the isomorphism <|14.2fl . Q 

In view of the Lemma, it is convenient to write NQ k C for the line bundle Ni<d k £, considered as a line 
bundle on (G') k ; of course there is a canonical isomorphism of rigid line bundles 

NQ k C S Q k NC. (14.5) 

Proposition 14.6. If s is a <d k -structure on C, then 

q*N iS = q*N jS , 

and under the isomorphism 1)14. 4[l . NiS descends to a <d k -structure on NC 

Proof. The first point is that iV^s is independent of i. If M. = <d k £, then there is a canonical isomorphism 

H*M _ H*jM 
w*M ~ w*M ' 

The cocycle condition (|13.6fl for s implies that, under this isomorphism, 

w*s w*s' 

so q*NiS — qjNjS as required. It follows from Proposition llO.GI that iVjS is invariant under the action of the 
j-factor of K k on G k . The question of whether Ns descends to a section of <d k N£ amounts to the question 
of whether a ratio of sections of G k in the equalizer of 

G k G k xK k, 

and it suffices to check that it is in the equalizer of 

v. G k xK , 

for each i. It follows that NiS descends to a section of <d k NC It is then straightforward if tedious to check 
that NiS is a <d k -structure. □ 

Lemma 114.31 and Proposition 114. bl permit us to make the following 
Definition 14.7. If s is a fc -structure on C, then let Ns be the fc -structure on NC such that 

(q k )*N S = qlN lS = (g) f a s (14.8) 

under the isomorphisms i|14.2H and (|14.4|) : 

( q k )*Q k NC s (g fc )*ive fe /; e <£jvie fc r s (g) f a e fc £. (14.9) 
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15. Elliptic curves 



Definition 15.1. An elliptic curve is a pointed proper smooth curve 

o 

c — >s 

whose geometric fibers are connected and of genus 1 . 

Much of the theory of level structures, isogenies, fc -structures, which we have described in detail in this 
paper for formal groups, is well-known in the case of elliptic curves. In this section we briefly recall some 
results which we need. Details may be found in |DR73I IKM851 IMum7()l ISil99| . 

15.1. Abel's Theorem. Note that the discussion of the line bundles Q k C in H13I applies to abelian groups 
in any category where the notion of line bundle makes sense. The first result about elliptic curves is that 
they are group schemes. 

Theorem 15.2 (Abel). An elliptic curve C/S has a unique structure of abelian group scheme such that the 
rigid line bundle 3 (Ic(O)) is trivial. The (necessarily unique) rigid trivialization s(C/S) o/0 3 (I(O)) is a 
cubical structure. 

Proof. Sec for example jKM85l p. 63] or |DR73j . □ 

Remark 15.3. The theorem of the cube says that any line bundle over an abelian variety has a unique 
cubical structure. A general enough statement of the theorem of the cube, together with the group structure 
on elliptic curves, implies Theorem ll5.2l We have stated Theorem ll5.2l to emphasize that the group structure 
on an elliptic curve is constructed to trivialize 3 (2T(O)), so that by the time you get around to applying the 
theorem of the cube, you already know the conclusion for 1(0). 

15.2. Level structures on elliptic curves. The study of level structures on elliptic curves is due to Katz 
and Mazur |KM85, ■ Let C be an elliptic curve over a scheme S, and let A be an abelian group. 

Definition 15.4. A homomorphism 

£ : A s -> C 

is a level structure if the Cartier divisor 

[*(A)] = £[*(o)] 

a£A 

is a sub-group scheme. 

Lemma 15.5. Let C be an elliptic curve over an local formal scheme S with perfect residue field of charac- 
teristic p > 0. // 

I : A s -> C 

is a level structure on the formal group of C , then 

As^C^C 

is a level structure on C . 

Proof. This follows from the definition and Proposition 1 1 . 1 til □ 
Let 

A-^C 

be a level structure. The inclusion 

[£{A)] - C 

has a cokernel C/[£(A)] which is an elliptic curve. If 

q : C -f C = C/[£(A)] 
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denotes the projection, then q* identifies Oc with the equalizer 

O c ► O c : Oc ® o [l{A)] . 

If / G Oc, then N w /x*/ is in this equalizer, and we write 

N = N q : O c -> 

for the resulting map; explicitly, 

q*Nf = J] t;/. 

It is easy to check that, if i is a coordinate on C, then iVi is a coordinate on C"; in particular, if 

I : A s -» C 

is a level structure, then the natural map of formal groups 

C/[*(A)]->c7j*(A)] 

is an isomorphism. 

As in the case of a formal group, we have 

NIc(0)=Ic>(0)- 
After pulling back along the level structure £, we have 

q*NC £* (g) T a *£, 

and this isomorphism is equivariant with respect to the standard action of A on the right. 

The discussion of the reduced norm N of H14I applies to elliptic curves as well. The main point is that, if 
C is a fractional ideal on the elliptic curve C, then the isogeny q gives isomorphisms of rigid line bundles 

NQ k C = O k N£ 

over (C') k as in Ijl4.5|l . and if s is a 9 fc structure on £, then Ns is a fc -structure on NC, as in Proposition 
IT4~51 and Definition HX7I 

15.3. The Serre-Tate theorem. Let Co be an elliptic curve over a field k of characteristic p > 0. 

Definition 15.6. A deformation of Co is a triple (D/T, f,j) consisting of an elliptic curve D over a local 
formal scheme T of residue characteristic p > and a pull-back diagram 

D To — ^— Co 



To — - — > spec k 

of elliptic curves. A map deformations 

(a,^:(DJ,j)^(D',f l ,f) 

is a pull-back square 

£> D' 



T — > T 1 ' 
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such that the diagram 




T > Tq > spec k 



commutes. 

Let Co be a supersingular elliptic curve over a perfect field k of characteristic p > 0. 
Theorem 15.7 (Serre-Tate). The natural transformation 

Bei(C f -► Def(Cb)^ 

is an isomorphism of functors over FGps^. Let G/S be the universal deformation of the formal group Co- 
Then there is a deformation (C/S, /univ, juniv) of Co to S such that the natural maps 

C/S H -> Def(C ) jV -» Def (C f «- G/S N 

are isomorphism of functors over FGps^. 



Proof. The Serre-Tate Theorem as stated in |Kat81 | proves that the forgetful natural transformation induces 
an isomorphism 

Def(C )- A -> Def(Co)- 4 (15.8) 

of functors of Artin local rings. On the other hand, the functor Def (Co) is effectively pro-representable: there 
is deformation (C / S' , /' , j') with S' = spf Wfc[u], such that the natural map 

{C'/S') A -> Def(Co)" 4 



(15.9) 



is an isomorphism (see for example DR73 ). It follows that 

{ C'/S' ) M = Def(Co)^. 
Combining the isomorphisms l|15.8|l and (|15.9|) with the isomorphism 

Def (Oof = G/Sf 

gives an isomorphism of formal schemes 

S^S' 

and, if C is the elliptic curve over S obtained from C" / S' by pull-back, an isomorphism 

C/S N -> G/S N . 

Example 15.10. In characteristic 2 the elliptic curve Co given by the Weierstrass equation 

y 2 +y = x 3 



□ 



is supersingular (e.g. Sil99jV The universal deformation of its formal group is a formal group G over 
S = spf Zsfui]. It is well-known (e.g. by the Exact Functor Theorem |Lan76| ) that there is a spectrum E 
with 

Ge / Se — G J S : 

it is a form of i?2- The Serre-Tate Theorem endows E with the structure of an elliptic spectrum: if C / S is 
the universal deformation of Co to S, then there is a canonical isomorphism 

Ge = G = C 

47 



of formal groups over 5*e • 



15.4. Descent for level structures on a Serre-Tate curve. We suppose that Co is a supersingular 
elliptic curve over a perfect field k of characteristic p > 0, and that C/S is the universal deformation of Co 
provided by Theorem ll5.7l Let G/S be the universal deformation of the formal group Co- Since C/S is a 
functor over FGps, Definition 1 1 1 . 1 01 provides a notion of descent data for level structures on C/S. 

Theorem 115.71 gives an isomorphism of formal groups C = G, and so the descent data l|12.6[) for the 
Lubin-Tate formal groups give descent data 

di : leve^ (C/S) -> C/S. 

Explicitly, suppose that 

A T i*C 

is a level structure over a Noetherian local formal scheme T. The descent data provide an isogeny of formal 
groups 

i*C t/v*C (15.11) 

over T with kernel [^(A)]. 

It is natural to ask for an isogeny of elliptic curves 

i*C ip* t C 

extending fg. This corresponds, in the language of Mill to replacing the functor FGps with the functor Ell 
whose value on a ring R is the set of elliptic curves C / spec R. Thus we shall refer to descent data for level 
structures on C/S together with isogenies gi extending fe as descent data for level structures on C/S over 
Ell. 



*C ±> C' 



Over T we have an isogeny of elliptic curves 

i" 

with kernel [^(A)], and a canonical isomorphism 

C 7 £ ipfC (15.12) 

of formal groups over T, as in M15.2I Theorem 115.71 implies that there is a unique isomorphism of elliptic 
curves 

c = ip! c 

extending (|15.12fl : put another way, we have the following. 

Corollary 15.13. The functor C/S has descent data for level structures over Ell, whose restriction to 
C/S = G/S are the descent data given by Provosition \12.{\ In particular, for each level structure 

A T -U i*C, 

there is a canonical isogeny of elliptic curves gi making the diagram 

i*C > i*C 



f, 



I 



i>\c ► ^* e c 

commute. □ 

15.5. The cubical structure of an elliptic curve is compatible with descent. The uniqueness of the 
cubical structure in Theorem 115.21 implies the following. 

Proposition 15.14. Let C be an elliptic curve, and let s(C/S) be the cubical structure of Theorem \15.2l If 

i*C — > ip*C is an isogeny, then 

ip*s(C/S)=Ni*s(C/S). 

□ 
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16. The sigma orientation 



Suppose that E is a homogeneous ring spectrum and let G = Ge- Let V be the line bundle 

k 

v=n(i-L t ) 

over (CP°°) fe . In Lemma O we observed that Proposition 18. 121 specializes to give an isomorphism 

t v :L(V)*O k (l GE (Q)), 

and if 

g : MU(2k) -> E 

is an orientation, then the composition 

(CP°° k ) v -> MU(2k) E 

represents a rigid section s of O fe (Zc(0)). In fact it is easily seen to be a fe -structure, that is a 7ToE- valued 
point of G fc (G; T G (0)). Similarly, if g : BU(2k)+ -> E is a homotopy multiplicative map, then the composite 

Cp ock _^ BU (2k) -> E 

represents a O fc -structure on the trivial line bundle Oq, and so a point of G fe (G; Oq)- In |AHS01| we proved 
Theorem 16.1. 7/E is a homogeneous spectrum and k < 3, t/ien </iese correspondences induce isomorphisms 

RingSpectra(M[/(2fc),E) C fe (G; Z G (0))(7r E) (16.2) 

and 

RingSpectra(SC/(2fc) + , E) -> C fc (G; O G )(7r E). 

□ 

Now suppose that (E, C, i) is an elliptic spectrum: that is, E is a homogeneous ring spectrum, C is an 
elliptic curve over Se, and t is an isomorphism 

i : Ge — G 

of formal groups over Se- Abel's Theorem 115.21 gives a cubical structure s(C/S) on G, which gives a cubical 
structure t*7(C/S) on Ge- 

Definition 16.3. jAHSOlj The sigma orientation for (E, C, t) is the map of ring spectra 

cr(E, G, t) : MU(6) -> E 
which corresponds to t*~s(C/S) under the isomorphism (|16.2|1 . 

Now suppose that E is a homogeneous spectrum, with the property that 7ToE is an admissible local 
ring with perfect residue field of characteristic p > 0. Let S = Se- Suppose that (E,G, t) is an elliptic 
spectrum. In particular, the G = Ge is of finite height. By Theorem 13.251 the structure on E gives 
descent data for level structures on G. 

Definition 16.4. An Hoo elliptic spectrum is an elliptic spectrum (E, G, t) whose underlying spectrum E is 
a homogeneous spectrum E as above, together with descent data for level structures on C/S, considered 
as a functor over Ell as in tj!5.4l such that the diagram of functors over FGps 

level! (C/S) — leve^ (G/S) 

di 



C/S — » G/S 

commutes. 



4!) 



Proposition 16.5. Let (E, C,t) be an Hrx, elliptic spectrum, and suppose in addition that p is regular in 
7ToE. Then the sigma orientation 

MU{6) E 

is an .ffoo map. 

Proof. By Proposition lti.il it suffices to show that, for each level structure 

A T ^ i*C, 

we have 

N ge s(C/S E ) = (^ E )%(C/S E ), 
where gi is the isogeny of elliptic curves making the diagram 



,G/E 



(v> E )*c E 

commute. Proposition 1 1 5 . lH gives the result. 



i*C 



□ 



Now let (E, C, t) be the elliptic spectrum associated to the universal deformation of a supersingular elliptic 
curve Co over a perfect field k of characteristic p > 0. For example, we may take Co to be the Weierstrass 
curve 

y 2 + y = x 3 



over F2 ( Example 115. 10|) . Applying the Proposition, Corollarv ll5.13l and Proposition II 2 . 1 21 gives the 
Corollary 16.6. The orientation 



MU(6) CT(E ' fit) : E 



is an Hoc map. 



□ 



Appendix A. Hqq-ring spectra 

Given an integer n > 0, let D n : By — > be the functor 

E^Cfn) A E( n \ 

s„ 

where C(n) = C(U n , U) is the space of linear isometric embeddings from U n to U. 
An Eqo ring spectrum is a spectrum with maps 

D n (E) -fE, n > 0, 

making the following diagrams commute: 

{lu} xi E > D t E D n D m ~E ► fn+ ro E 



E 



E 



A,E 



E. 



(A.l) 



(A.2) 



An Hoo ring spectrum is a spectrum E together with maps D n ~E — > E such that the diagrams (|A.2|I commute 
up to homotopy. 

The category of E^-ring spectra is naturally enriched over topological spaces. The space of -Eoo-maps 
from E to F is the subspace of all maps consisting of those which make the diagrams 

D„E > D n F 



E ► F 
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commute. For a topological space X, the spectrum which underlies the "function object" is simply the 
spectrum E x + . The spectrum which underlies E (g) X is more difficult to describe. If E is only an H^-iing 
spectrum, the spectrum E x + is still Hoq. 

These remarks actually depend very little on the construction of the functor D n and are mostly matters 
of pure category theory. Indeed, the map D n Fi — ► E can be regarded as a natural transformation of functors 

S C/ (F,E)^S £/ ( J D„F,E). 

Given a topological space X, we can use (12.21) to define a transformation 

§c/(F,E x +) -^S u (D n F,-E x +). (A.3) 

as the composite 

Sc/(F,E X +) = Spaces(X,S [/ (F,E)) 

Spaces(X,S^(I>nF,E)) 
<*S u (D n F,-E x +). 

A more subtle property is that the transformation (|A.3|) is also given by 

S [/ (F,E X +)^S C/ (FAX +) E)) >Su(D n (F AX+),-E)) 

^Su(D n (F)AX + ),E) (A.4) 
^Su(D n F,F x +). 

An important property of the functors is summarized in the following result of BMMS86 . 
Proposition A. 5. There is a natural weak equivalence 

V C{2) A A(E) A Dj(F) — > D n (E V F). 

i+j=n 

Furthermore, the ij -component of 

On(E)-^D B (EVE)-» \/ C{2) AA(E) A D rf (E) -» J] £(2) A A(E) A £>j(E) 

i+j—n i+j—n 

is the transfer map Try- respect to the inclusion Ej x £j C S rl . 

Note also that if W is a virtual bundle of dimension over a space X, then Da{X w ) is the Thorn spectrum 
the virtual bundle Vreg ® W over Da(X), where V le g, is the regular representation of A*. 

Appendix B. Composition of operations 

Let E be a homogeneous Hoo ring spectrum, such that 7ToE is a local ring with perfect residue field of 
characteristic p > 0, and the formal group G — Ge is of finite height. In J|wc associate to each map of 
formal schemes 

i : T = spf R — > S*e , 

finite abelian group A, and level structure 

£ : A T -> i*G, 

a map of formal schemes ^fj 3 : T — > Se and an isogeny ipf^ E : «*G — > ip^G with kernel [^(A)]. Theorem 13.251 
asserts that these constitute descent data for level structures on G. Properties (1) and (3) of Definition 13. II 
follow immediately from the construction. In this section we give a proof of (2): if 



(B.l) 



is a short exact sequence of finite abelian groups, then with the notation 

B > A > G 



(B.2) 

i*G = i*G > iitG, 

we have 

%l>t„ = ^ : T -»• 5 (B.3) 
^ G/E = ^ /E o V>/ E : i*G -> = V!»G. (B.4) 
In fact we shall give a proof of (|B.3(1 : the proof of (|B.4fl is similar. 

Elsewhere in this paper we use the notation D n for either the functor i|A.l|) or for the natural transfor- 
mation 

associated to an Hoo ring spectrum E (and similarly for Da)- In this section only, it is convenient to write 
P n or Pa for the natural transformation, reserving D n and Da to refer to the functors (|A.1(1 and (|3.8|) . Thus 
for 

/:F-»E, 

the diagram 

Pnf 

D n E 

commutes; and if R is a complete local ring and 

i 

-Aspf r —> i G 

is a level structure, then by Definition 13.91 ipf : 7ToE — > R is the composition 

7T E ^ TraSuiDAS ,!]) = tt E ba + -» 0((£A*) E ) = C(hom(A, G)) i?. 

If Z is a set, let £z be the group of automorphisms of the underlying set. We let Z act on itself by left 
multiplication, and so we consider Z to be a subgroup of Hz- If T C Hz is a subgroup, and if X is a group, 
then we write T JX for the wreath product 

TfX = T k 

Suppose that 

X^Y^Z (B.5) 
is a short exact sequence of abelian groups, and Z is finite. A splitting 

s : Z -> r 

of 1B.5P as a sequence of sets determines a homomorphism 

g:Y ^ ZjX 

by the formula 

g(y) = (n(y),f y ), 

where 

f y :Z—>X 

is the map of sets given by the formula 

f v (z) = y + s(z) - s(ir(y) + z). 
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If g' is another such homomorphism defined using a section s' , then g and g' differ by conjugation 
(0, s — s') £ Z J X , and so just the extension l|B.5|l determines a homotopy class of maps 

BY ^ B(ZjX). 
If moreover X is finite, then s determines a homomorphism 

h : Y>z J — * 

by the formula 

h(a, t)(s(z) +x)= s{a{z)) + t(x) 
for a G Yiz, t G Ex, a; G X, and zeZ. Once again the resulting map 

B(T. Z /Sx) — > -BSy 

is independent of the choice of section. The maps 5 and /i have been defined so that the diagram 

ZJX ► Sz/S x 

9 

y ► 



commutes. 

Applying these observations to the dual of a short exact sequence 

B -> A -> C 



gives maps 



and 



B.9+ : L> A 5° = BA; -> S (B*/ SC*) = DbBC*^ = D B D C S° 



Bh+:D lBl D lcl S° ^D lAl S°. 
Lemma B.6. In this situation, the diagram 



7TqE — > 7ToE^^+ 



Pa 



Pb 



commutes. 



Proof. For / : T — ► E, Pa] is the composition 



D A T -» £>| A ,r ^> D, A |E - E. 
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Now let / : S° — > E, and consider the diagram 
D B D C S° 



Bg+ 



D lBl D c S°- 



D\ B \Pof 



D\b\D\c\& D D f 

L >\B\ U \C\] 



D\ riE 



Bh 4 



D ]S ° >D lAl E 




PbPcI 



*D\ Bl D lC \E e 



D A S° y 

The trapezoid on the left commutes by Lemma IB. 61 The top inner rectangle is obtained by applying D\ B \ to 
the definition of Pcf, and so the top outer composition is the definition of P B Pcf ■ The lower inner rectangle 
commutes by the naturality of D, and the lower outer composition is the definition of Pa- The right inner 
triangle is a case of the left diagram of (|A.2fl . and so commutes because E is an spectrum. □ 



Now we turn to the situation of the diagram (|B.2|) . Lemma IB . 61 implies that the top square in the diagram 




7T E 

Po 



7r E BC + tt E 



(B.7) 



7T E ■ 



-> 7TqE + 



commutes. The commutativity of the bottom left square is obvious; the two right-hand corners commute by 
the definition of ipf (TTi^l . 

Lemma B.8. // 

Xe> : 7r E BC + -» R 
is the homomorphism classifying the homomorphism 

C ^ ^f,)*G, 



then 



Xt" = X£ O7r 



E B9 + o P B 



(B.9) 



Proof. By definition, xe" classifies the homomorphism 

C ±> iplG. 

Let us temporarily write 



U = Xl 7T E SS + oP B . 
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As in the proof of Lemma fc.lUI the axioms of an Hoc structure together with Proposition 17. 51 imply that u 
is a continuous ring homomorphism. The commutativity of the diagram l|B.7() shows that the diagram 



7T E 



n a E BC l R 
commutes. In view of the isomorphism 

(BC*) E = hom(G, G) 
of Proposition E3 u classifies some homomorphism 

C^($)*G, 

and it remains to show that w = t" . To show that, it suffices to show that the diagram 

A — — > i*G 

C — ^ G 

commutes. 

Suppose that a S A with image c S C, and consider the diagram 

tt E Bc + 



7r E BC + 



7TqE 



D b BC 



+ 



■ 7T E BA + 



f„E fl l' M )+ 



R. 



The outer clockwise composition is the map of rings corresponding to the point 

spf R > G, 

while the outer counterclockwise composition corresponds to the point 

spf it ► G. 

It is clear that the left square commutes. To see that the right square commutes, observe that we have a 
commutative diagram 

C* ► A* > B* 



A choice of section 



gives the map Bg : BA* 



and so a map 



such that the diagram 



C x ► B* x C x - 

s : B* -> A* 
DbBC* . It also gives a section 
s : 5* -> 5* x ( 



-> B* 



Bg : BB* x CP°° -> D B 



S(7rxa) 

BB* x CP 00 



D B BC* 

\ DbBc 
D B CP°° 
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commutes. But the homotopy class of the map Bg is independent of the choice of section, so the diagram 

BA* Bg ; D B BC* 

B(irxa)| | £>B ' Bc 



BB* x CP° 



BA 



D B CP° 



commutes. 



□ 



The commutativity of the diagram i|B.7|l and Lemma IB . 81 together imply that 

= Xi ° p A 

= xi ° n E B9 + oP B oP c 
= Xi" ° p c 



= 1$ 



as required. 
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